Investigation of the stress intensity factors at sharp corners of arbitrary cutouts in finite plates by Chen, Wen-mo
INVESTIGATION OF THE STRESS INTENSITY FACTORS 
AT SHARP CORNERS OF ARBITRARY CUTOUTS 
IN FINITE PLATES 
A THESIS 
Presented to 
The Faculty of the Division of Graduate Studies 
By 
Wen-mo Chen 
In Partial Fulfillment 
of the Requirements for the Degree 
Doctor of Philosophy 
in the School of Aerospace Engineering 
Georgia Institute of Technology 
June, 1977 
INVESTIGATION OF THE STRESS INTENSITY FACTORS 
AT SHARP CORNERS OF ARBITRARY CUTOUTS 
IN FINITE PLATES 
Approved: 
Dr. J. M. Anderson 
Dr. R. L. Carlson 
Date approved by Chairman: 7J~uL J977 
ii 
ACKNOWLEDGMENTS 
I would express my sincere appreciation to Dr. C. V. Smith for 
his instruction throughout the preparation of this work. 
I would like to acknowledge the financial support under the 
Tuition Assistant Plan from Bell Aerospace Textron. My deepest appre-
ciation goes to Mr. Hugh F. Farabaugh, Director, Employee Relations 
and Services and Mr. Robert G. Moore, Assistant Director, Engineering 
Technology for their permission to utilize Belt's Computer facility. 
Completion of this work would have been impossible without their support. 
Sincere thanks are extended to Dr. J. M. Anderson, Dr. M. P. 
Stallybrass, Dr. R. L. Carlson and Dr. S. Atluri, for their reading of 
my dissertation. 
My sincere appreciation goes to my wife, Pi-Ian, for her constant 
encouragement and devotion during the entire period of study. My deep 
gratitude also goes to my mother, Mrs. Chu-ying Chen, for her financial 
support through the early years of my education. 
My thanks also go to Mrs. Claudine Taylor for typing the final 
manuscript. 
TABLE OF CONTENTS 
iii 
Page 
ACKNOWLEDGMENTS. . . 
LIST OF TABLES . • . 
LIST OF SYMBOLS- • • 
LIST OF ILLUSTRATIONS. 
SUMMARY 
Chapter 
I. INTRODUCTION. • 
II. STRESS STATE IN THE NEIGHBORHOOD OF A NOTCH . . . . 9 
Development of Equations 
Solutions 
III. DERIVATION OF STIFFNESS MATRIX FOR SINGULAR 
ELEMENTS. . . . . . . . . . . . . . . . . . 33 
Development of General Equations 
Two-term Approximation 
Check on the Accuracy of the Numerical Integration 
Comments on the Determination of Stress Coefficients 
Satisfaction of Geometric Boundary Conditions 
Stiffness Matrix for Symmetric or Antisymmetric 
Problems 
IV. RESULTS . . . . . . . . . . . . . . 64 
Effect of the Stress Approximation 
Effect of Numerical Integration Accuracy 
Effect of Mesh Refinement 
Effect of Strain Energy Approximation in the 
Neighborhood of the Notch Tip 
Comparison with Existing Solutions 
Solution of Some Typical Plates with Right Angle 
Re-entry Corners 
Effect of Length of the Plate 






TABLE OF CONTENTS (Continued) 
Chapter Page 




A. ILLUSTRATIONS 93 
B. DERIVATION OF STIFFNESS MATRIX FOR A 
SPECIAL TRIANGULAR ELEMENT 129 
C. ALTERNATIVE FORMULATION OF THE COMPLEMENTARY 




LIST OF TABLES 
Table Page 
1. The Real and Complex Roots of the Characteristic 
Equations for 20° Notch Angle 30 
2. The Real and Complex Roots of the Characteristic 
Equations for 60° Notch Angle 30 
3. The Real and Complex Roots of the Characteristic 
Equations for 90° Notch Angle 31 
4. The Real and Complex Roots of the Characteristic 
Equations for 120° Notch Angle . . . . . . . . . . . . . . . 31 
5. The Real and Complex Roots of the Characteristic 
Equations for 140° Notch Angle 32 
6. The Real and Complex Roots of the Characteristic 
Equations for 160° Notch Angle . . . . . . . . 32 
7. Effect of the Stress Approximation on the Stress 
Intensity Factors, K , for Double-Edge Notch Plates. . „ . „ 75 
8. Effect of Stress Approximation on the Stress 
Intensity Factors, K , for Single-Edge Notch Plates. . . . . 76 
9. Effect of Numerical Integration Accuracy on the 
Stress Intensity Factors, K , for a Double-Edge 
90° Notched Plate f 77 
10. Effect of Mesh Refinement on the Stress Intensity 
Factors, K , for a Square Plate with Single-Edge 
90° Notch.S. . 77 
11. Effect of Mesh Refinement on the Stress Intensity 
Factors, K , for a Square Plate with Single-Edge 
90° Notch. S 78 
12. Stress Intensity Factor, K , for a Centrally 
Cracked Plate 79 
13. Stress Intensity Factors for a Plate with Longitudinal 
Crack and a Square Plate with Single-Edge Crack. . . . 80 
LIST OF TABLES (Continued) 
e Page 
Stress Intensity Factors for a Square Plate 
with a Square Cutout . . . . . „ . . . „ . . , . . . » . , . . 81 
Stress Intensity Factors for a Rectangular 
Plate with a Single-Edge Rectangular Cutout, „ . « . . . . 82 
Stress Intensity Factors, K , for a Square 
Plate with a Central Diamond-Shape Cutout . . * . . . . . . 83 
Stress Intensity Factors of Some Typical 
Stepped Plates 84 
Effect of Length on the Stress Intensity 
Factors, Kg, for a Single-Edge Cracked Plate . . . . . . . . 85 
Effect of the Size of Interior Cutout on the 
Stress Intensity Factors for a Square Plate 86 
v i i 
LIST OF SYMBOLS 
Symbol Definition 
f(fl> Part of stress function dependent upon 0 only 
fm The n order derivative of f(6) 
L Imaginary unit = y-l 
i Notch length 
**,*>« \ 
The direction cosines of the unit normal 
m} n Positive integer 
m Nodal displacement along S ° u 
tw Rigid body displacements matrix 
[•y Symmetric nodal displacements matrix 
tw Antisymmetric nodal displacements matrix 
M Plane polar coordinates 
r b Radial coordinate on the boundary 
t Thickness of singular element 
Ur,U» 




Boundary displacement components in cartesian coordinates 
w Plate width 
* • , * 
Cartesian coordinates 
L6] Surface traction matrix alone S 
u 
[Bs] Part of [B] due to symmetric stresses 
[6J Part of [B] due to antisymmetric stresses 
lCJ Matrix of stress coefficients 
{Csl Matrix of symmetric stress coefficients 
LIST OF SYMBOLS (Continued) 
1 Definition 
Matrix of antisymmetric stress coefficients 
f Integration constants 
Antisymmetric stress coefficient 
Symmetric stress coefficient 
Linear interpolations of {q} along S 
Young's modulus 
Shear modulus of rigidity 
Matrix defined by equation (3.5) 
Imaginary part of eigenvalue 
Stiffness matrix of singular element 
Part of [K] due to symmetric stresses 
Part of [K] due to antisymmetric stresses 
Sliding mode stress intensity factor 
Opening mode stress intensity factor 
Stress series matrix 
Part of [L] due to symmetric stresses 
Part of [L] due to antisymmetric stresses 
Elasticity matrix containing the appropriate 
material properties 
Load 
Real part of eigenvalue 
The surface where displacements are prescribed 
The surface traction on S 
u 








X r , X f l 
o< 









' ' r , ^ , ^ 
b b b 
cp 
<?* 
LIST OF SYMBOLS (Continued) 
Definition 
Matrix defined by equation (3.12) 
Boundary displacement matrix, specified on S 
Complementary strain energy 
The displacement on S 
u 
Volume 
Potential of external loads 




Stress coefficients of a special triangular element 
Laplace operator 
Plane polar strain components 
Vertex angle 
Poisson's ratio 
The total complementary energy 
Stress'tensor 
Plane polar stress components 
Plane polar stress components on boundary 
Plane cartesian stress components 
Plane cartesian stress components along boundary 
Airy stress function 
Antisymmetric part of stress function 
Symmetric part of stress function 
X 
LIST OF SYMBOLS (Concluded) 
Symbol Definition 
Row-column matrix 
\ Column matrix 
Transpose of a matrix 
LIST OF ILLUSTRATIONS 
are Page 
Coordinates in the Neighborhood of a Sharp 
Corner of Arbitrary Notch Angle 94 
Typical Singular Elements 95 
Graphical Solution of Real Roots for 0° 
Notch Angle 96 
Graphical Solution of Real Roots for 60° 
Notch Angle 97 
Graphical Solution of Real Roots for 90° 
Notch Angle 98 
Effect of Notch Angles on Dominant Roots 
of Eigenfunctions 99 
A Typical Finite Element Model for Arbitrary 
Cutouts 99 
Comparison of the Specified Linear Displacement 
and the Boundary Displacement Calculated Based 
on 1 Term Approximation 100 
Comparison of the Specified Linear Displacement 
and the Boundary Displacement Calculated Based 
on 9 Term Approximation. , 100 
Double-Edge Notched Plate with 0=0° 101 
Finite Element Model of One Quarter of the 
Plate in Figure 10 101 
Double-Edge Notched Plate with G=60° 102 
Finite Element Model of One Quarter of the 
Plate in Figure 12 102 
Double-Edge Notched Plate with 9=90° 103 
Finite Element Model of One Quarter of the 
Plate in Figure 14 103 
LIST OF ILLUSTRATIONS (Continued) 
Figure Page 
16. Single-Edge Notched Plate with 0=0° 104 
17. Finite Element Model of One Half of the 
Plate in Figure 16 £04 
18. Single-Edge Notched Plate with 6=60° 105 
19. Finite Element Model of the Plate in 
Figure 18 105 
20. Single-Edge Notched Plate with 6=90° 106 
21. Finite Element Model of One Half of the Plate 
in Figure 20 106 
22. Square Plate with 90° Notch Cutout 107 
23. Finite Element Model I ( -4f- = 0.5) of Upper 
Half Square Plate with 90° Notch Cutout 107 
24. Finite Element Model II ( -ty— = 1/3) of Upper 
Half Square Plate with 90° Notch Cutout 108 
25. Finite Element Model III (~^-= 0.25) of Upper 
Half Square Plate with 90° Notch Cutout 108 
26. Square Plate with 90° Notch Cutout l o g 
27. Finite Element Model I (£/w/2 = 1/3) of Upper 
Half Square Plate with 90° Notch Cutout 109 
28. Finite Element Model II (£/w/2 = 1/6) of Upper 
Half Square Plate with 90° Notch Cutout 1 1 0 
29. Finite Element Model III (£/w/2 = 1/12) of Upper 
Half Square Plate with 90° Notch Cutout H O 
30. Centrally Cracked Plate with Cracked Line Per-
pendicular to the Direction of Applied Load Ill 
31. Finite Element Coarse Model of One Quarter of 
the Plate in Figure 30 H I 
32. Finite Element Fine Model of One Quarter of the 
Plate in Figure 30 112 
LIST OF ILLUSTRATIONS (Continued) 
Figure Page 
33. Finite Element Fine Model (with Special Triangular 
Elements) of One Quarter of the Plate in Figure 30 . . . . 112 
34. Centrally Cracked Plate with the Crack Line 
Parallel to the Direction of Applied Load 113 
35. Finite Element Model of One Quarter of the 
Plate in Figure 34 113 
36. Square Plate with Single-Edge Crack 114 
37. Finite Element Model of One Half of the 
Plate in Figure 36 114 
38. Plate with a Central Square Cutout 115 
39. Finite Element Model of One Quarter of 
the Plate in Figure 38 115 
40. Plate with a Single-Edge Rectangular Cutout 116 
41. Finite Element Model of One Quarter of the 
Plate in Figure 40 116 
42. Plate with a Central Diamond-Shape Cutout 117 
43. Finite Element Model of One Quarter of the 
Plate in Figure 42 117 
44. A Singly Stepped Plate 118 
45. Finite Element Model of the Singly Stepped 
Plate 118 
46. A Footing Plate 119 
47. A Finite Element Model of One Half of the 
Footing Plate 119 
48. A Doubly Stepped Plate 120 
49. A Finite Element Model of One Quarter of 
the Doubly Stepped Plate 120 
50. A Footing Plate with Free Ends 121 
xiv 
LIST OF ILLUSTRATIONS (Concluded) 
Page 
Figure & 
51. A Finite Element Model of One Half of the 
Footing Plate with Free Ends 121 
52. A Special Triangular Element with One Edge 
Free from Stresses 122 
53. Single-Edge Cracked Plate with ~ = 0.4 123 
w 
54. Finite Element Model of One Half of the 
Plate with ~ = 1 in Figure 53 123 
w 
55. Finite Element Model of One Half of the 
Plate with - = 2 in Figure 53 124 
w 
56. Finite Element Model of One Half of the 
Plate with - = 3 in Figure 53. . . . . . . . . . . . . . . 125 
w 
57. Effect of Length on the Stress Intensity 
Factors for Single-Edge Notch Plates 126 
58. Square Plate with a Central Square Cutout 127 
59. Finite Element Model of One Quarter of the 
Plate with — = -| in Figure 58 127 
w J 
60. Finite Element Model of One Quarter of the 
Plate with — = — in Figure 58 128 
W 2 
61. Finite Element Model of One Quarter of the 
Plate with - = - in Figure 58 128 
W 3 
62. Comparison of Errors of U and U due to 
c c 
Numerical Integration . . . . . . . . . . . . . . . . . 143 
XV 
SUMMARY 
In a two-dimensional formulation of linear elasticity, the stress 
field at a sharp corner of an arbitrary notch angle as shown in Figure 1 
a-1 
is known to have singularities of order r , where a depends upon notch 
angle between two stress-free edges. The purpose of this study is to 
determine the associated stress intensity factors at interior sharp cor-
ners in a finite plate subject to in-plane loading. This is done with 
the finite element method because of the ease of treating discontinuous 
stresses at sharp corners and stress-free boundary conditions at free 
edges. 
In order to apply the finite element method, the stiffness matrix 
for singular elements as shown in Figure 2 is formulated by utilizing 
the principle of stationary complementary energy. The assumed stress 
expressions are obtained by solving the biharmonic governing differential 
equation and satisfying the stress-free boundary conditions. 
The shapes of the singular elements, square with 9 nodes for 0° < 
notch angle < 90° and rectangular with 7 nodes for 90° < notch angle 
< 180°, are chosen to fit conveniently in finite element models making 
use of the most common constant strain triangular membrane element. The 
stiffness matrices for the singular and triangular elements are derived 
based on the assumption that boundary displacements between two nodes are 
linear so that the compatibility along interelement boundaries is 
maintained. 
The conventional procedures to predict stress intensity factors 
for hairline crack have been found to be limited, inaccurate, and 
uneconomical. The singular element can be used to replace highly 
detailed conventional element models at sharp corners, with very sig-
nificant economies both in data preparation and computer time. Thus 
an engineer, without being extensively trained in fracture mechanics, 
can utilize the singular element in the finite element model to deter-
mine stress intensity factors, which are the controlling variables for 
predicting crack propagation. The procedure to predict crack-growth 
rates is first to determine the stress intensity factors at the sharp 
corner where a crack is initiated. After the crack is formed, it is 
then necessary to introduce a crack element to recalculate the stress 
intensity factors at the crack tip. However, the present effort is 
concerned only with the development of a singular element to determine 
the stress intensity factors at sharp corners; the subjects of crack 
initiation and propagation are excluded in this study. 
The most accurate stiffness matrix presented in this disserta-
tion is obtained when the number of assumed stress states equals the 
number of displacement degrees of freedom. Stiffness matrices are also 
derived based on an assumed stress state which includes only the singu-
lar terms in the assumed stress series. This eliminates the need for 
complex eigenvalues and leads to a much easier and a cheaper solution. 
The accuracy of this simple procedure is determined by comparison to 
the results of the more accurate solution, and both approximate solu-
tions are compared to other existing solutions when such are available. 
In order to investigate the effect of notch angle on stress in-
tensity factors at sharp corners, a number of finite element models are 
constructed for double-edge notch (Figures 10, 12 and 14) and single-
edge notch (Figures 16, 18 and 20) finite plates with notch angles being 
equal to 0°, 60° and 90°. Additional study is extended to finite plates 
with center hairline crack (Figures 30 and 34), single-edge crack 
(Figure 36) and a rectangular cutout (Figures 38, 40, 42, 44, 46, 48 and 
50). It is noted that the singular elements are placed wherever the 
sharp corners appear, and the triangular elements are attached adjacent 
to those singular elements. The accuracy and efficiency of the singular 
element is demonstrated by determining the stress intensity factors of 




The requirement of minimum possible weight in aircraft structure 
has led to the use of very high strength material which has been found 
to behave in a brittle manner in the presence of small flaws. As a 
result, rather than fail by yielding, service failure can occur by brit-
tle fracture at stresses below the design yield strength of the material. 
This brittle fracture will initiate at points of high stress. One loca-
tion of these high stresses is at the tip of a hairline crack where the 
stress field theoretically has a singularity of order r * , where r is 
distance from the crack tip and the corresponding strain energy density 
has a singularity of order r . Physically these stress singularities 
imply high stress concentration in the neighborhood of the tip; and these 
high stresses will, in general, cause material yielding which violates 
some of the basic assumptions of linear theory of elasticity. However, 
it will be shown in Chapter III that mathematically the total strain 
energy evaluated over a volume around the neighborhood of the crack tip 
has a finite value of order r . Therefore the principle of complementary 
strain energy can be used to calculate stresses and displacements within 
the elastic domain. 
The stress fields near a crack tip in a flat plate can be divided 
into three basic types: (1) the opening mode, I, is associated with in-
plane stresses and displacements which are symmetric with respect to the 
crack line; (2) the sliding mode, II, is associated with in-plane stresses 
and displacements which are antisymmetric with respect to the crack line; 
(3) the tearing mode, III, is characterized by displacements perpendicular 
to the plate which are antisymmetric with respect to the crack line. The 
most general crack-tip deformation and stress field can be described by 
combining the three modes. 
This study is limited to plannar problems leading to modes I and II 
The strengths of the singularities, which are proportional to the coeffi-
cients of the singular terms in the stress state, are called stress in-
tensity factors; in this dissertation, they are denoted by K and K for 
S 3. 
modes I and II, respectively. 
Since K and K have been discovered to be the controlling parame-
s a 
ters for predicting crack propagation, their calculation has been the 
starting point for most routine fracture mechanics analyses; and much 
effort has gone into determining the magnitudes of K and K for various 
S cl 
geometric configurations and external loadings. This is a difficult 
problem in the theory of elasticity due to complications caused by the 
traction free surfaces of the crack, and exact solutions exist only for 
cracks in infinite domains. 
For finite plates, a numerical technique which has been very 
popular is the finite element method, which can easily handle the trac-
tion free boundary conditions in a plate with arbitrary geometry and 
loading. Early application of this procedure employed many conventional 
elements surrounding the crack tip. The stress intensity factors were 
estimated either by extrapolating crack-opening displacement or near-tip 
stresses [1,2] or by numerically computing the variation in strain energy 
with change in crack length [3,4]. It was discovered that these procedures 
required highly detailed models in the neighborhood of the crack tip, which 
were uneconomical both in data preparation and computer time. 
Recent efforts have been concentrated on replacing the highly 
detailed models around the tip with a so-called singular element which 
has the characteristic crack tip singularity embedded in it. There have 
been many different types of singular elements, based on different 
assumptions with different theoretical formulations; a few will be sum-
marized in what follows. 
Hardy [5] developed a stiffness matrix for an eight node rectangu-
lar cracked element with sixteen degrees of freedom consisting of the 
first thirteen symmetric deformation modes of the Williams' eigenfunction 
expansion for the crack-tip stress field plus the three rigid-body 
displacements. Generalized coordinate displacement models were utilized 
in the finite-element displacement method for the development of the 
singular elements. The principal disadvantage of the resulting high 
order cracked element is that there is no interelement displacement 
compatibility. However, Hardy demonstrated the capability and efficiency 
of his element incorporated with conventional constant strain elements 
to calculate stress-intensity factors for a number of simple structural 
configurations with accuracy in result within one percent. 
Atluri's [1] finite element procedure is based on the assumed 
displacement hybrid model. The theoretical basis of the assumed dis-
placement hybrid model is a modified principle of minimum potential 
energy. In the mathematical formulation of the displacement model for 
analyzing cracked structures, the vanishing of the variation of the 
functional in the modified minimum potential energy principle leads to 
the following conditions: 
(1) The stresses generated by the interior displacement 
satisfy the local equilibrium equations in the element; 
(2) Values of interior displacements at interelement boun-
daries coincide with the interelement boundary 
displacements; 
(3) The boundary tractions coincide with the tractions 
generated at interelement boundaries by the interior 
displacement. 
Atluri also considered the question of convergence of the finite 
element solution for smaller singular elements. He concluded that an 
optimum singular element size exists, and the method yields reasonable 
results in prediction of the stress intensity factors provided that the 
sizes of singular elements are chosen through experience and the regular 
elements are also spaced appropriately. 
Walsh [8] utilized the conventional finite element displacement 
method to generate the stiffness matrix of a special crack element con-
sisting of two regions; the stress and displacement distribution in the 
inner region is defined by the singular stress field associated with the 
crack tip. The outer region consists of a conventional finite element 
mesh that is constrained to satisfy nodal compatibility and equilibrium 
conditions on the interface between the two regions. 
It seems that in Walsh's formulation of the stiffness matrix, 
neither compatibility nor equilibrium is satisfied along the boundary be-
tween the singular element and the remainder of the structure. However, 
the accuracy of the special cracked element is demonstrated by analyzing 
5 
for the stress intensity factors of simple crack configurations for which 
there are existing solutions. 
Byskov [9] utilized the same, approach as Hardy's generalized 
coordinate displacement method to derive the stiffness matrix of a four 
node triangular cracked element with eight degrees of freedom. Instead 
of applying William's stress series, Byskov used Muskhelishvili's com-
plex stress function to obtain a set of stresses which satisfy interior 
equilibrium and stress-free boundary conditions on cracked edges. How-
ever, the conditions of equilibrium and compatibility along the boundary 
between the triangular cracked and conventional elements are not 
satisfied. In order to gain some idea of the convergence of the method, 
he tried three meshes (C = coarse, M = medium, F = fine) of strips with 
edge crack and concluded that non-monotonic convergence is obvious from 
the results obtained from the three meshes. 
Hilton [10] developed a technique for using the dominant singular 
solution in conjunction with the finite element to predict plastic stress 
and strain intensity factors for the problems of a semi-infinite body 
with an edge crack in a far out-of-plane shearing field and an infinite 
plate under plane stress conditions containing a finite line crack in a 
remote tensile field. In the small scale yielding range, when the plas-
tic zone about the crack tip is small in comparison with the crack length, 
the plastic intensity factors can be related directly to the elastic 
stress intensity factor. For the larger scale yielding range, the plas-
tic zone is no longer small compared to the crack length; and the elastic 
stress intensity factor is no longer relevant without some modification, 
described as follows. 
6 
The plane containing a hairline crack is divided into two regions 
of elastic and plastic zones. The plastic zone is further subdivided in-
to elastic-plastic and fully plastic regions. The fully plastic area is 
bounded by a circular arc centered at the crack tip; and an additional 
circular arc bounding the elastic-plastic zone is centered at the inter-
section of the axes and crack line with a sufficient radius so that the 
plastic region is contained within it. The dominant singular solution 
for small scale yielding is used to describe the solution on and within 
the fully plastic region. The elastic-plastic region is divided into a 
triangular grid pattern, and the finite element technique is utilized to 
connect the singular solution to the elastic field. 
The variational principle of minimum potential energy for deforma-
tion theory plasticity forms the basis for this method. The equilibrium 
equations are obtained from the minimization of modified potential energy 
functional. This leads to a set of nonlinear algebraic equations for 
plastic strain intensity factor and the nodal displacements, and an 
iterative procedure is used to solve them. 
Tong, et al. [16] utilized the hybrid functional to construct a 
special super-element to be used for crack problems in plane elasticity. 
The approach made use of complex variable techniques developed by 
Bowie [17] in his modified boundary collocation method for hairline 
crack problems. He introduced the concepts used in the hybrid stress 
model and the hybrid displacement model; that is, the unknowns consist 
of stress parameters, as well as nodal displacements. Furthermore, he 
showed that under certain conditions the hybrid functional can be re-
duced to a relatively simple boundary integral 
7 
It is interesting to note that in fact this boundary integral 
actually can be derived from the complementary strain energy functional 
which is used in present study to formulate the stiffness matrix for a 
singular element. The major difference between Pin Tong's approach 
and the present study is that the former is restricted to analyze the 
hairline problems with the need of a number of terms in the assumed 
stresses equal to the total degree of freedom of the super element minus 
the number of rigid body modes, while the latter provides a convenient 
way to calculate stress intensity factors for any notch angles by adopt-
ing only singular terms. A further discussion is given in Appendix C. 
All the previous work on determining stress intensity factors has 
been limited to the crack, which might be described as a notch with zero 
opening angle. However, there is another location of high stresses in 
a plate under in-plane loading, and that is at sharp re-entry corners or 
notches of nonzero opening angle, as shown in Figure 1. The effect of 
the local stress state has been studied by Williams [11], England [12] 
and Karp [13], who showed that there are stress singularities of order 
ct-1 
r , where a depends upon the notch angle and the character of the stres 
state. One can again define three types of stress states which contain 
singularities: (1) mode I, symmetric about the notch bisector (x-axis 
in Figure 1); (2) mode II, antisymmetric about the notch bisector; and 
(3) mode III, nonplanar and antisymmetric about the notch bisector. For 
modes I and II, the strength of the singularities will again be defined 
as proportional to the singular terms in the stress state and will be 
denoted by K and K respectively. 
s a 
The primary purpose of this study is to determine these stress 
8 
intensity factors, K and K , at interior sharp corners in finite plates 
S 3. 
subjected to in-plane loading. This will be achieved with the finite 
element method, which requires the development of a new singular element 
which contains the proper singularity for an arbitrary notch angle. This 
element can then be combined with conventional nonsingular elements and 
other singular elements as required to provide an estimate for the stress 
intensity factors for a plate with arbitrary geometry and loadings. 
The only existing finite element for arbitrary notch angle is due 
to Tong [19], who considered the problem of solving Laplace's equation 
in a two-dimensional domain with sharp re-entry corners. He developed a 
ten node superelement which contains the proper singularity at the notch 
tip. This problem is much more simple than the two-dimensional elasti-
city problem considered in this dissertation. 
CHAPTER II 
STRESS STATE IN THE NEIGHBORHOOD OF A NOTCH 
The stresses in the neighborhood of a notch are obtained by solv-
ing the biharmonic governing differential equation for two dimensional 
problems in linear elasticity and satisfying the traction-free boundary 
conditions along radial edges. The resulting characteristic equations 
are solved for the eigenvalues. This procedure to obtain the stress 
expressions is briefly described in the following. 
Development of Equations 
The polar coordinates as shown in Figure 1 are used to derive the 
governing differential equation because it is more convenient to deal 
with traction-free boundary conditions by using polar coordinates; the 
origin lies at the tip of the notch and the x-axis bisects the notch 
angle. The two equations of equilibrium along the radial and tangential 
directions are 
^ r + _1_ 3 Erg <Tf " ^ + v = n 
3 r + r ae . r + A r - u 
( 2 . 1 ) 
r ae a r C-^*- + AB - U 
In the absence of body forces Xy and Xa the equilibrium equations 
are satisfied by expressing the stresses in terms of the Airy stress 
function, Cf ; as follows: 
10 
are 
rr - -L d(? 4. I 3cp Tr ~ T ^r + -p" —if* 
2 
a 9 % = -T7&- ( 2-2) 
The linearized strain-displacement relations for plane problems 
e r " " T r ~ (2-3) 
te r r aa 
(2 .4) 
* =JL4y + _9Hfi «e_ (2 5) 
0 re r ^ e ar r ^ ; 
Now, from equations (2.3) through (2.5), it can be shown that the 
strain components satisfy the following compatibility equation 
. 2 . „* 
r sr r ar 7 * 3 8 * <?r2 
= _U <?fo + J_ a
2rfg 
r7 38 * r «9«a 
The stress-strain relations in the case of plane stress are 
(2.6) 
fcr * - £ (2.7) 
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Ee = <rQ-Mrr (2 8) 
Y = i f l . _2_LL±^u) r 
're £ E Li-e 
Substitution of these relations into equation (2.6) gives 
I a 2 
(2.9) 
p- («i -A« <rr) + -ti-ffli- (^r-^o'e) 
+ ̂ f r C°i ̂ ^ r ) " T If C<Tr ~M CTe ) (2.10) 
= 2 (••/») f - ^ - + « ( ' + * ) - F - ^ 
If the stress component t re is eliminated from equation (2.10) by 
use of the equilibrium equations (2.1), it can be shown that equation 
(2.10) simplifies to 
v2 (<r r + <re) - o (2. i i ) 
2 2 
where V • ~£p2 + 4: "̂ p" + "»? aal— ^s t^ie Laplace operator in polar 
coordinates. 
Finally substitution of equation (2.2) into equation (2.11) gives 
the final form of the compatibility equation in terms of the stress 
function: 
f £ I a I a2_ \ I 9*<P . i _dC£_ , I £o>_ \ _ n 
K~^^~ + ~T^r + 1T~9e7'J l T r ^ + T^r +T^eT J ~ ° 
( 2 . 1 2 ) 
VZ*v2q> = 0 
12 
The fourth order partial differential equation (2.12) can be 
•k 
solved by the separation of variables technique by assuming 
9>(r,a) = r* + , f ( 0 ) (2.13) 
Substitute equation (2.13) into the Laplace operator and obtain 
the following expression 
_ ot-l 
" r 
f'(0) + (oc+o-fw + oc ( • (+ ! ) - f (w] 
Then the biharmonic equation (2.12) becomes 
^ = (> + i4r
+-k-fa-){r'[f"(e)+(^i)fHJ 
3[f'V(9)+ («ttff W+(o<-|f f W + fo-lf(*Hjf(«] = r 
= o 
Assume \ *? 0 in the domain of the differential equation, 
Therefore 
f % ) + (* + »)2f(e) + (o(-i)2-f"(e) + («'-i)2-f(0) =o 
This 4th order ordinary differential equation can be written as 





The final solution depends upon the boundary conditions specified 
on both faces, i.e., the tangential and shear stresses are zero on both 
surfaces bounded by radii 8 = + 60 
8=e, 
e=-e 0 





re = 0 
8 =-9. 
Solutions 
The solutions of the differential equation (2.14) depend upon the 
values of el . The physical meaning of the mathematical solutions for ot 
equal to \ J 0 , - \ will first be examined. 
Case 1 for o< = j 
The 4th order governing differential equation (2.14) becomes 
IV 
+ (6) + 4-f (fl) = 0 
and its general solution is 
f (6) = C, 0 + C2 + C3 Sin (26) + C^ Cos (2Q) 
Therefore the stress function (2.13) takes the form 
q>(r,e) = r (CO + c2 +• c^me -h c^G^e) 
Obtain stress components by using equation (2.2) as follows 
<rr - 2 (c , a + r, - c f ssn*e - £V ftt * * ) 
O- = 2 (Ct0 •*• C2 + C5Sin20 + Ct Cos26) 
rre = -C, - 2 C , C052e + 2C + S,»20 
In order to satisfy the boundary conditions (2.15), 
°"e 
°i 




= 2 [ C,e0 + C2 + C3 S in (2 f i . )+ C+Cos(2 0.) 
= 0 
- 2 [- C, B0 + Cz-C3 Sin(29t) + C+Cos (2 6.)] 
= 0 
= - C , - 2 C j fos(26L) +ZC*5fn (28.) = 0 
(2.16) 
r , | = - C , -2C3Cos(28„) - 2 Ct Sin (20.) = 0 
18 - " ~ o 0 
Perform operations of addition and subtraction on equation (2.16) 
to obtain the following two sets of simultaneous equations, 
(i) Symmetric Solution; 
Cz + C^CoiiZB.) = 0 
C Sin (20.) = 0 
( i i ) Antisymmetric So lu t ion ; 
C,80 + C3 Sin (ze„) = o 
C, + 2C3 Cos (2 60 ) = 0 
In order to obtain nontrivial solutions for the symmetric case, 
80 has to be equal to -?r- or IT . Similarly, the condition for a non-
trivial solution to the antisymmetric case is 
tan (2 9.)-2 9. = 0 
which r e q u i r e s 8 = 128 .725 
o 
Obviously, if C- and C are not zero, then C and C must vanish, 
and conversely. This means that the stresses do separate into purely sym-
metric or antisymmetric states, and the three sets of stress components 
corresponding to 0o= -5- IT and 128.725° are 
(i) Symmetrical Case for 90 = ~jr" 
<rr = 2 [ I -cos (2 6)) c+ 
<Te = 2 [ 1 + Cos (26)] C4 
Zr6 = Z Sin (2 9) C4 
This can be shown to be equivalent to 01 = ̂  C*. Q~x = L^ = 0 » a 
uniform stress state which obviously satisfies the requirements on the 
elasticity solution. 
(ii) Symmetric Case for B0 • T 
crr = -2[n-Cosfl?e)]c; 
trB = 2 [-1 + Cos (28) J C4 
r r 0 = 2 Sin(28) C 4 
This is equivalent to the uniform stress state of 
«"*- "4 C* , ^3 = r"5 = ° 
(iii) Antisymmetric Case for 8„ = 128.725° 
(Tr = 2 [0.4-34-b 6 - Sin (2 8)] C3 
CTe = 2 [ 0.^346 G + Sin (2 0)] C3 
r h a - - (0.4-3 4-6 + 2 Cos20) C3 
This represents a nonuniform stress state. 
Case 2 for ot= 0: 
The 4th order governing differential equation (2.14) becomes 
H e ) + 2 {"(e) + f(e) =0 
and its general solution is 
•f ( 6 ) * C, Sine + C2Cos0 + C3 6 Sin 8 + C+QCosQ 
Therefore the stress function (2.13) takes the form 
q>(r,8) = r (C,Sin8 + C2Cos8 + c3fl Sin8 + C^B CosB ) 
and the s t r e s s e s a r e 
17 
CTr =^- (C5Cos6 - C+S\nB) 
orfl = 0 (2.17) 
r r e = 0 
The boundary conditions (2.15) are identically satisfied. The 
stress field shown in equation (2.17) corresponds to the problem of a 
wedge subject to a concentrated force at its apex [14]; therefore the 
eigenvalue o* = 0 will not be considered as a possible solution in this 
investigation. 
Case 3 for «C = - I '• 
The 4th order governing differential equation (2.14) becomes 
f "(e) + 4- f'(e) = o 
and the stress function (2.13) takes the form 
qp(r,8) = C, 8 + C2 + C3 Sin (20) + C<.Cos(2ej 
The stress components from equation (2.2) are found to be 
crr = - 4 - r " [ C3 Sin(2Q) + C 4 C o s ( 2 0 ) ] 
<re = o 
I r a = r" [ f i + 2C3Cos(2$)- ZC± Sin(ZB) 
-2 
Since the stresses, and therefore the strains, are of order f , 
it follows from the strain-displacement relations (2.3) through (2.5) 
that the displacements are of the order r ; therefore o<= -1 must be 
excluded on the basis that it will result in unbounded displacements at 
the sharp corner. 
Now consider values of o( not equal to 1, 0, -1. Then the general 
solution of the 4th order differential equation (2.14) can be expressed 
as fo l lows: 
f ( 8 ) = C,Sin(<*+ i ) 0 + C£Cos(c( + i)e 
( 2 . 1 8 ) 
+ C3Sin(o<-00 + C+Cos (c<-0& 
Therefore the solution of equation (2.12) is 
9 ( r , 8 ) = r ^ ' f C . S i n O t f + i ) j + C2 Cos(°C+i)d 
( 2 . 1 9 ) 
+ C5 Sin (<*-*)& + C+Cos(o(-\)0 ] 
From equation (2.2), the stresses corresponding to ^(r,0) are 
given by the following expressions 
°r " ^ " ' { ^ [ ( ^ D - ^ + i ) 2 ] S/n (•(*/) 8 t C2 [ ( < * + / ) - ( * + » / ] Co$(o<+i)d 
f ^3[(°<*o-(<*-/)
2] 5in(<K-.)e * c4 .[(«(+i)-W-if ]^oi(«-oe 
0^ = ( * + i)o( r r f " , [ c l S i n ( o f + 0 e + C2 Cos(°<+ 1)8 
•*-CjSin(«C-l)9 t C+ Cos (<* - 1 )8 ] 
+ C J ( < * - 0 < T O S ( O < - I ) 8 - C + ( < * - . ) S,7i(tf- 0 8 ] 
and the corresponding equations that impose satisfaction of boundary 
conditions (2.15) are (recall that oC^ 1, 0, -1) 
c,sin(c< + i)e0+c2Cc„(rf + o e , + C3Sin(«(-i)eft + c+Cos(o<-D0D= o 
C, Sin(«C+l)dp-C2Cos6*+Oeo +C3Sin(o(-l)eo - C + Cos(<X-i)0o = 0 
ClK+i)Cbs(« + 0 86-C2(-c + i)Sin(«(+i)^t C 3 (•<-!) Q>$(^-')0O 
- C 4 (^-l)5in(K-08. =0 
C,(o<+l ) Cos(0̂ +I )8o + C2(c(+I) Sin(o(+i)eo+ C3(<*-i) Cos(o<-i)80 
+ C+C*-!) Sin(«-i)eo =0 
Next, perform operations of addition and subtraction on these equa-
tions to obtain the following equivalent set of equations: 
C2 (« + \)Sin(« + \)d0 + C+ (<*-/) S'n(o(- / )8o = 0 (2.20) 
c2c>$(-(* i ) f lp + c+c>s («( - / ; e. = 0 (2.2D 
C, Sin(o« + 0flo + C3 Sin (^ - i ) 6 0 = 0 (2.22) 
c,(* + /Kos(<*+ 0e.+ c 3 ( * -OCos (< * - i ; 6 0 = o (2.23) 
In order to obtain nontrivial solutions for C2 and Ĉ . in equations 
(2.20) and (2.21), make the determinant of the coefficients vanish, which 
gives the following characteristic equation for (X: 
o( 5in (2 0O) + Sin (2 of 0 o) = 0 (2.24) 
From equation (2.20), C2 can be expressed in terms of CA, as 
follows: 
r ( Q < - 0 Sin(*-I)6» r 
2 " (<X + D y»n (o< + i)b0 L4-
Similarly from equations (2.22) and (2.23), C and C„ can be non-
zero provided «<• satisfies the following characteristic equation 
<* Sin (ZB,) - Sin (2<*B0 ) = o (2.25) 
According to equation (2.22), C can be expressed in terms of C-, 
as follows: 
r - Sin (*+i) 8ft r L 3 ~ S>n (oc - i ; Ba ' 
Examining equations (2.24) and (2.25) together, it is evident that 
the only value of o< which satisfies both is << = 0, and this is excluded. 
Thus if one equation is satisfied, the other will not be. Consequently, if 
C and C are not zero, C ? and C, must vanish and conversely. Moreover if 
Q and C, are nonzero, the stress function (2.19) becomes an even function 
of 0 ; this leads to symmetric stress distribution. If C-. and Co are non-
zero, the stress function C/>(r, 6 ) becomes an odd function of 9, which 
leads to antisymmetric stress distribution. 
Let a and a denote the n-th roots of equations (2.24) and 
sn an 
(2.25) respectively. Then the complete symmetric solution is 
/I- I 
and the complete antisymmetric solution is 
% = / Can r 
*an + I 
n= i 
SinK/ 1)0 
Sin ( 0 ^ - 0 0, ^ «* ' 
Therefore the t o t a l s t r e s s function i s given by 
= 1 C s n r "
s n t l 
n = i sn 
(,i™~[lVnfan~*\t° • Cos(o(sn + 1)0 Ĉ sn + i ^Sin Wsn + ne« v in ; 
+ Cos (<*sn - 1)0 
+ Sin (o(an + 1)0 ] 
The complete expressions for the stresses from equation (2.2) are 
(2 
• * « : „ -
^ r = 1 Csn r
 $n [ • x s n ( 3 - ^ s n ) ^ s K l l - / ) f l 
t ^sn ( < * « „ - 0 Sin ( *sn - Q j g C g s ( c + , ) 0 
5 ' n (°<s/7 + I ) 8D 
(2 
< * „ - / 
n = l 
" I C a n r * " " ' °<a„ ( < * * * + / ) Sin (<*«„+ I ) * 
+ Sin(o(a„ - / ) < 9 S'
n{«** ] ) 0 
22 
( 2 . 2 7 ) 
C o n t ' d 
^ 6 = 1 C s n r
 S" * s n (<*sn + I ) [ f t l ( * < 5 n - l ) e 
n = 1 
(o(sn 4- t ) Sin (ofsn + l) f l „
 J 
Z fln ~ ' r 
Can r o f̂tn (o(an + i) | sin (dan + i ) 0 
n - I L-
- s i n f c V , ^ S i n ( o < a „ - l ) e 
T r e = - I C s „ f <*sn - ( < * „ - i ) Sin(<*sn- l ) * 
, (c(sn- ' ) Sin (°<sn ~ l ) f l . <••„ (r. . n f l 1 
( 1 = 1 
Sin (<Cn- | ) 5 . ( ^ - O C t > s ( o ( « / , - O 0 ] 
Each independent term in stress expression (2.27) is a solution 
of the biharmonic governing differential equation (2.12) and satisfies 
the stress-free edge conditions (2.15). The stresses and strains are 
functions of r while displacements can be shown to depend on r*~ . 
Therefore, physically meaningful values of ot must have a nonnegative 
real part in order to avoid unbounded displacements in the region near 
the origin. Also note that singular stresses will be associated with 
values of °< with real parts less than one, while values of <* with real 
ZJ 
parts greater than or equal to one will give bounded stresses in the 
neighborhood of the origin. 
The equations given by (2.24) and (2.25) yield all the possible 
values of the root a. Their corresponding eigenvalues a and a can 
sn an 
be either real or complex numbers, and can be found numerically by 
simple computations. Combine (2.24) and (2.25) into the following form 
Sin(2o(Qa) _ + Sin(20») 
ztej - z^T < 2 - 2 8 ) 
To determine all real roots, let a be x-axis and the quantities 
+ ,sin(280) a n d sin(2oie,) b e y_ a x i s < Roots with negative real parts 
— 2DO 2aoo 
are excluded since they lead to unbounded displacements at the tip. Then 
all positive real roots for any notch angles are given by the intersec-
.C4-U i- . sin(2-0o) . ̂ T_ ,̂ sin(2nfin ) ^ tions of the lines + - — ' with the curve — ^iwn t j t 1 S lnter-
2.e0 2 a 0 D 
esting to note that except for two special cases, there are a finite num-
ber of intersections and hence only a finite number of real roots. In 
the special case of a hairline crack, i.e., 60= 180°, equation (2.28) re-
duces to sin (2 TTCI ) = 0 , which results in an infinite number of real roots 
given by a = n/2, n - 1,3,4,.....as shown in Figure 3. Recall that ex, = 1 
is excluded; so that the apparent roots at a = 1 in Figures 4 and 5 are 
not valid. In the special case of a half-space, i.e., 0O = 90°, there are 
also an infinite number of real roots given by a = 2,3,4... . For 60° 
and 90° notch angles, the graphic solutions indicate that there are only 
three intersections as shown in Figures 4 and 5. The upper and lower inter-
sections correspond to the symmetric and antisymmetric roots respectively. 
The real roots for 20°, 60°, 9 0 % 120°, 140° and 160° notch angles as 
24 
determined from Newton's method with numerically evaluated derivatives 
are listed in Tables 1 through 6. It is interesting to note that the 
number of real roots first decrease from infinity to two then increase 
back to infinity as the notch angle continues increasing. It is of im-
portance to note that there is at most one real symmetric and one real 
antisymmetric root with magnitudes less than 1. This can be shown to be 
true, in general, from consideration of graphs of the type shown in 
Figures 4 and 5; and these roots will give rise to the singularities. 
It will be shown later that complex roots also exist for equation 
(2.28). Tables 1 through 6 indicate that the absolute values of real 
parts of complex roots are always greater than 1, and their magnitudes 
are also greater than any real roots. 
Karp and Karal [13] have shown that the real part of each of the 
complex roots with positive real parts is always greater than the small-
est positive real root. They also stated, without proof, that the com-
plex root with the smallest real part does not give rise to any infini-
ties in the physical quantities. England [12] has shown graphically that 
the positive real parts of complex roots are always greater than 1 for 
00 < TT/2. Unfortunately this is not the region of interest in this study, 
and his graphic solution failed to apply to the important region (i.e., 
90 > TT/2) where singularity occurs at sharp corners. In fact, there 
appears to be no proof that all complex roots have real parts greater 
than one for 0o > TT/2. However, this is suggested by the numerical 
results in Tables 1 through 6, which are believed to be typical for any 
notch angle, and confirmed by the numerical results in [13] for 0O 
165°. 
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Since the smallest real roots dominate the behavior of the stress 
field in the vicinity of the sharp corners, it is important to study how 
the lowest roots vary with notch angles. Figure 6 obtained from solving 
the equation (2.28) by Newton's method indicates that the order of stress 
singularity decreases as notch angle increases; that is, as the notch 
angle increases, the smallest real eigenvalue increases toward 1, and the 
ct-1 
order of stress singularity given by r tends to decrease. 
The eigenvalues of some critical notch angles for stress singular-
ity are given in the following: 
(a) For symmetric case 
(i) For any angle 6o > TT/2 , there is one and only one 
real eigenvalue which is less than 1; this eigen-
value will give rise to a singularity. 
(ii) When 0O is any angle < TT/2 , the lowest real eigen-
value is > 1, which means that there is no singularity. 
(b) For antisymmetric case 
(i) For any angle 0O> 128.7°, there is one and only one 
real eigenvalue which is less than 1; this eigenvalue 
will give rise to a singularity. 
(ii) When 60 is any angle < 128.7°, the lowest real eigen-
value is _> 1, which means that there is no singularity. 
As mentioned previously, there are only a finite number of real 
eigenvalues with the exception of notch angles of 0° and 180°. However, 
there are always an infinite number of complex roots. In order to solve 
for the complex eigenvalues, assume a in complex form as (RP + IP i). 
Substitution into equations (2.24) and (2.25) yields the following 
26 
complex func t ion : 
[Sln(*e. RP) Cosh(2d. Zp) ± Rf> S.n(2 8 0 ) ] + 
* [Cos(ZB9R?)S)nh (ZB0in * I? 5,V» (2 80 ) ] 1 = 0 
Two simultaneous equa t ions a re obta ined from t h e requirement t h a t 
t he r e a l and imaginary p a r t s must each equal to ze ro . 
Sin(2B0HP)Cosh(zeoiP)± RP Sin (Z60) r 0 
( 2 . 2 9 ) 
Cos (2d0RP) y,nh (260 IP) £ IP S,n(26.)- 0 
Obviously, equa t ions (2.29) remain unchanged i f IP changes s ign , 
which means t h a t the complex r o o t s always occur in complex conjugate 
p a i r s . 
In order to solve the two s e t s of s imultaneous equa t ions for RP 
and IP , express RP i n terms of IP from the second equa t ion (2.29) as 
fo l lows: 
R p = J _ Cos"
Jf i l f S / n ^ f l , ) 1 R P Zd0 L°S L Sinh(lQir) J 
(2.30) 
where 2 0O ± 0 and IP 4 0 . 
Substitute into the first equation, and obtain the following 
expression with a single variable IP. 
27 
- 2 0o L Sinh(28.-XP) J
 U 
Newton's iterative method, again with numerically evaluated deriv-
atives, is used to solve for IP from this equation; and the correspond-
ing RP can be found from equation (2.30). Some of the symmetric and 
antiymmetric complex roots along with real roots for 20°, 60°, 90°, 120°, 
140° and 160° notch angles are listed in the Tables 1 through 6 which 
were previously discussed. 
Since the complex eigenvalues occur as complex conjugate pairs, 
it can he shown that the stress function,^, has the following form for 
each pair of eigenvalues: 
where Rq> and iq> are the independent real and imaginary parts of Cp for a 
given eigenvalue pair, and C , C„ are constants. In this form, it ap-
pears that op is complex which is meaningless since the stresses must be 
real. However, the constants C. and C„ can themselves be complex conju-
gate so that Cf can actually be written as 
q> = b( Rep + b̂  19 
where b and b„ are real constants. That is, each complex conjugate 
pair of eigenvalues leads to two independent real eigenfunctions for o( 
and two independent real expressions for the stresses. 
Actually it is not necessary to explicitly separate the complex 
stress function into real and imaginary parts. Computationally, it is 
much easier to directly use the complex eigenvalue in the stress expres-
sion (2.27) and utilize the computer to perform the complex arithmetic. 
Since the computer stores a complex number in two locations, it is very 
easy to obtain the real and imaginary parts of stress expressions for 
any complex eigenvalue. These two parts of the stress expressions are 
the two independent solutions for the stresses associated with the one 
complex eigenvalue. 
As discussed earlier, for both symmetry and antisymmetry, there 
is at most one eigenvalue o( with real part less" than 1; and furthermore 
these roots are real. This means there are not more than two singular 
states; and based on one existing definition of the stress intensity 
factors for the crack tip singularity, K and K for the notch will be 
s a 





where a and Q, are the smallest real eigenvalues. Positive K 
si al s 
and K are associated with the normal and shear stresses, respectively, 
a. 
shown in Figure 1 on t h e free body a t 0 = 0° . 
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Table 1. The Real and Complex Roots of Characteristic 
Equation for 20° Notch Angle 










1 0.50043 0.0 0.56199 0.0 
2 1.12537 0.0 1.69220 0.0 
3 1.49762 0.0 1.99139 0.0 
4 2.26710 0.0 2.88349 0.0 
5 2.47679 0.0 3.96183 +0 .13838 
6 3.43195 +0. ,09837 5.02144 +0 .19158 
Table 2. The Real and Complex Roots of Characteristic 
Equation for 60° Notch Angle 
Symmetrical Antisymmet rical 
Real Imaginary Real Imaginary 
No. Part Part Part Part 
1 0.51222 0.0 0.73090 0.0 
2 1.4702 +0.14185 2.07482 +0.22942 
3 2.67761 +0.28490 3.27976 +0.32669 
4 3.88148 +0.36049 4.48289 +0.38898 
5 5.08407 +0.41364 5.68508 +0.43540 
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Table 3. The Real and Complex Roots of Characteristic 
Equation for 90° Notch Angle 










1 0.54448 0.0 0.90852 0.0 
2 1.62925 +0.23125 2.30132 +0.31584 
3 2.97184 +0.37393 3.64141 +0.41879 
4 4.31037 +0.45549 4.97889 +0.48662 
5 5.64710 +0.51368 6.31507 +0.53763 
Table 4. The Real and Complex Roots of Characteristic 
Equation for 120° Notch Angle 
Symmet rical Ant Asymmetrical 
Real Imaginary Real Imaginary 
No. Part Part Part Part 
1 0.61573 0.0 1.15100 0.0 
2 1.83354 +0.25225 2.58947 +0.34837 
3 3.34371 +0.41404 4.09692 +0.46464 
4 4.84945 +0.50601 5.60150 +0.54109 
5 6.35321 +0.57156 7.10465 +0.59852 
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Table 5. The Real and Complex Roots of Characteristic 
Equation for 140° Notch Angle 










1 0.69714 0.0 1.35944 0.0 
2 2.00561 +0.19840 2.82902 +0.31663 
3 3.65103 +0.39199 4.47216 +0.44885 
4 5.29269 +0.49489 6.11280 +0.53369 
5 6.93260 +0.56730 7.75215 +0.59695 
Table 6. The Real and Complex Roots of Characteristic 
Equation for 160° Notch Angle 
Symmetrical Anti .symmetrical 
Real Imaginary Real Imaginary 
No. Part Part Part Part 
1 0.81872 0.0 1.63058 0.0 
2 2.01825 0.0 3.12261 +0.10862 
3 2.42068 0.0 4.92707 +0.31976 
4 4.02507 +0, .24296 6.73014 +0.42355 
5 5.82873 +0. .37709 8.53240 +0.49712 
CHAPTER III 
DERIVATION OF THE STIFFNESS MATRIX 
FOR A SINGULAR ELEMENT 
Development of General Equations 
The primary objective in this study is to determine the character 
of the singular stress state which exists at the sharp corners of arbi-
trary cutouts in finite plates subject to inplane external loading. This 
is accomplished through a finite element representation of a modified 
displacement formulation of the equations of elasticity. 
A typical problem is shown in Figure 7. There is the possibility 
of a singular stress state at each of the sharp corners of the cutout, 
so a region around each corner is represented by singular finite elements 
(shaded in Figure 7) which contain the proper order of singularity accord-
ing to the notch angle. Then the remainder of the plate domain, in 
which nonsingular stresses exist, is represented by nonsingular finite 
elements (in this study, either conventional constant strain triangles 
or special triangles with one stress-free edge). 
In order to insure adjacent element displacement continuity, the 
displacements of points on the interelement boundaries are assumed to 
vary linearly between nodes. For the conventional constant strain tri-
angles, this is achieved by the usual geometric assumption of linearly 
varying displacements in the interior of the finite element; these in-
terior displacements, when taken continuously to the boundary, do indeed 
provide linear boundary displacements. 
The situation is not so simple for the singular element. Essen-
tially, the problem is that of a plate with two traction-free edges 
forming a notch of arbitrary angle, subject to imposed boundary displace 
ments which are specified to be linear between nodes on the remainder of 
the boundary. In this thesis, this problem is solved approximately 
through an application of the principle of stationary complementary en-
ergy (or, equivalently in this case, the principle of complementary 
virtual work). This principle requires assumptions for the stress state 
and the assumed stresses must satisfy equations of equilibrium in the 
interior and traction boundary conditions. 
The stresses given in equation (2.27) are extremely appropriate 
for the assumption since those stresses not only satisfy equilibrium and 
the traction-free boundary conditions, but also, as a bonus, satisfy 
compatibility in the interior and provide the proper order of stress 
singularity. 
Therefore, the principle of stationary complementary energy is 
used to express the stress coefficients in the stress series in terms 
of the nodal displacements on the boundary. The strain energy in the 
singular element can then be expressed in terms of the nodal displace-
ments, which means that the stiffness matrix is available for the 
singular element. This stiffness matrix can be combined with the stiff-
ness matrices of the nonsingular elements, and the solution proceeds as 
in a conventional displacement formulation. After the nodal displace-
ments are determined, then the singular stress term coefficient can be 
determined; and the stress intensity factors can be evaluated according 
to equations (2.31) and (2.32). 
The complementary strain energy functional, TT , for the singular 
element can be expressed in the following form 
ffc = u c






v c = -




Uc : complementary strain energy 
Vc : potential of the traction 
The elasticity matrix is defined as 






The stress series as given in equation (2.27) can be expressed in 
the following matrix form 




where the symmetric and antisymmetric stress states are grouped separately. 
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Note that matrix [L] is a function of coordinates (r,8) within the entire 
volume and { C } are the stress coefficients. The matrix [L ] is composed 
o 
of symmetric functions of 9, and the matrix [L ] is composed of antisym-
a 
metric functions of 0. 
Substitution of equation (3.4) into equation (3.2) gives the 
following expression 
Uc = i ( c f [ U T [ N ] [ L ] dV j c j 
= i l t f ; c ; ] [ f [ $ [ N ] [ L j ! L . ] J V ] 
l\l 
Define 
[ H ] = [ L f [ N ] [ L ] d y = 
L 
'M[Ls |Lj<w 
L, N Ls 
L>L, 
L>L 
L>L a. J 
dV (3 .5) 
r HS! 
H aa. J 
where it is recognized that the integral of antisymmetric quantities over 
a symmetric domain will be zero. Also, [H | and [H ] can be determined 
ss aa 
by integrating over one half the volume and doubling the results. 
Therefore, 
Uc = T - M [H«][CSJ +-HCJ K J {Ca\ O.h) 
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The surface tractions on the boundary in x- and y-directions can 
be found by the following boundary conditions 
l s ]»* 
3 1 
K 
where & and £ are the direction cosines of the unit normal drawn x y 
b b 
outwards on the boundary. The cartesian stress components cf , a and 
b ^ b b 
r can be expressed in terms of the polar stress components cr , o~ 
b 
and T by the transformation matrix [TS], i.e., 
where 
r v^ i * 
3 
> = [ T S ] • < • 
r " 
b 
r L L r e J 
* Cos2fi Sin
2$ - 2 Sine cose 
\JS] = Sinz0 a>%e Z Sine CoiO 
Sin 9 Cos 6 -S'me Cos 6 0>*e - Sirfa 
(3.8) 
b b b ^ . 
The polar stress components a , a„ and T „ can be obtained 
from equation (2.27) by simply defining the radial coordinate along the 
boundary, i.e., r = r, = /xTTy2 • Thus the surface traction can be 
written in matrix form as 
H-[B] [C) = [BsiBa] [ A | (3.9) 
p 
The displacement { u } along the boundary can be expressed in 
terms of nodal displacements { q } as 
K l = [»][>! (3.10) 
where the matrix [D] is a function of position along boundary, determined 
p 
such that { U } are linear along boundary. 
Substituting equations (3.9) and (3.10) into equation (3.3) gives 
the following expression 
Vc = - [ C \ f [6 ]
T [P ] *S [%\ = - [ C r s \ c l ] [ - -M [P] * [ 1 ] 
** ' s u (3.11) 
Define 








Each row of [T] can be interpreted as the generalized forces cor-
responding to boundary tractions associated with a specified stress state 
in the interior of the element. Since each stress state is in equili-
brium, it follows that the boundary tractions will automatically be self-
equilibrating. Therefore, the work done by those boundary tractions 
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will be zero for any set of boundary displacements which follow from 
rigid body motion of the singular element. That is, 
[TS] i%] = M -<< m m = w 
where { q } denotes any one of the three rigid body displacements. Also, 
R 
due to symmetry and antisymmetry, it follows that 
[Tj {u = io| on* mm - \o\ 
where { q } and { q } are antisymmetric and symmetric displacements, 
a s 
respectively. 
Now substituting the equations (3.6) and (3.13) into equation (3.1), 
the complementary energy can be written as 
" • c - ^ f t M N + 4-K]T[H-]{ca} 
-|c.f[T.][l|- N ' N [TJ 
(3.14) 
The necessary conditions for TT to be stationary are that the first 
derivatives of IT with respect to C and C are equal to 0 
c s a 
and 
g--° •• w=["»r[T«ii t i (3.15) 
irt-° ••• [ C 1 - [ H J [T . ] |»1 (a.") 
The complementary strain energy U is a positive definite quadratic 
function of the stress coefficients, {C). Therefore the matrix [H] is 
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guaranteed to be nonsingular, so that [H ] L and [H ] always exist 
bj aa 
for use in equations (3.15) and (3.16). 
Substitute equations (3.15) and (3.16) into equation (3.6) and 
obtain the expression for U ; 
c 
Uc = -jr [Csf [ HsS] [fsj +4-[Caf[Haa l [Ca\ 
= i [1}T [T.f tH5lT [H«][H«]"[T,]( l } 
* M?f [T« f [H«f [HH fn««|" [T«] [ >} 
Since both [H ] and [H ] are symmetric, this can finally be 
S S clci 
written as 
Uc-Ht}T([Ti]T[H„r'[Ts] + [T . ] T [M" ' [T« ] ) l l | (3.17, 
The complementary strain energy can also be written in terms of 
displacements (q); 
Uc= -T [1}T[K] [$| (3.18) 
where [K] is total stiffness matrix, which can be obtained by comparing 





Obviously the total stiffness matrix is given by the sum of two 
matrices which are defined as follows: 
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[Ks] = [ T s ]
T t H s $ ] " [ T s ] 
>«] = [Taf[H*j"'[Tft] 
where [K ] and [K ] are parts of the total stiffness matrix associated 
s a 
with symmetric and antisymmetric deformation, respectively. 
With all of the equations now available for generating the stiff-
ness matrix, a simple example with two singular terms in stress expres-
sions and assumed linear displacements along the boundary will be util-
ized to demonstrate the procedure to obtain the total stiffness matrix 
of a singular element. 
Two-Term Approximation 
The assumed stresses in equations (2.27) are given as infinite 
series in which each term satisfies the interior equilibrium and stress-
free boundary conditions. However, the leading terms of the stress 
expressions provide the stress singularity around the sharp corners. It 
is anticipated that the procedure to formulate the stiffness matrix will 
be simplified and that a reasonably accurate result might be possible by 
taking only symmetric and antisymmetric singular terms. In what follows, 
this two term approximation is used to illustrate the procedure to 
develop a stiffness matrix for a 9 node singular element. Let n = 1; 
then the stress expressions (2.27) become 
^r = Q, r [ [ ( o c s l + l ) - C ^ l - i ) l f « » C « s . - i ) f l 
, <* si (e<sî - | ) Sin (etsi - I ) A- c.j ( ^ . , l ) e ] 
sin ( < . + i ) e0 
C.,r 
•Ul- I 
e*ai (<*ai + I) S in(o<a ,+ 1 ) 6 
ô ai (3-o^at) Sin (o(g| + I ) 6» c;n fo< - l ^ s l + S i n ( ^ , - , ) ^ - Sin t-CAi l ) O j 
cs, r^
1"1 R5(e) + c a i r ^ ' "
1 R / I ( 0 ) 
(re = csl r"
s '~'<*sl (ocsl + i ) [ cos O s . - 0 6 
- C^s. - Q S i n ( 4 s , - / ) 0 o r n 1 
C^ .+ i )S i n ( - 5 I + i ) e ' °°
s C°<- + l )6 J 
(3.20) 
<*fl|-l 
+ Cai r o(a/ (* a i + /) [ sin (dai + 1)0 
Sin (_°U, t / ) 0 O - , - , N f l l 
^ n ( o ( a , _ , ) <9o
 S , n (•<« " l ) 6 J 
c s i r ^ " ' Ts(e) + c f l l r^ ' "
1 T*(0) 
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* s . - I rre - - C S I r <*st [ - («*s i - l) Sin ( * S I - | ) 0 
+ U s . - l )sm(°(s, - i ) (9 0 , 
S in(<x s | + , )0 o S,n ( o < s | + | ) e j 
( 3 . 2 0 ) 
C o n t ' d 
where 
Cai r o ( a | f ( o ( a | + I ) Cos ( o < a | + | ) 5 
Sin ( « g , t | ) g . , , , 7 
S.n (o<a, - i )0o ^ « / ~ O ^ ( ^ / - f ) 0 J 
ss(a) + £*, r^a' •• SA (0) - r r**' ' c c / a \ -i_ /~ r**ai - I 
- L S | I 
RS (8) = [ (o(s |+ 1 ) - (<x 3 l - i)
a ] cos (o<s l - 1 )0 
R/l (0) = - <XA| (o(a (+ I ) Sin (Uai+ | ) 0 
dai (3 - o(Q/ ) Sin (da, + I ) 0o , - . „ / . / .x f l 
+ smcia,-lV * — W ^ ' - D * (3.21: 
T W f l v . . , , . . iNfccrot _ iif l C^si- I) Sin fa,- I )0nGs(^.tl)8 
TA (J) *««,(«*«,+ l)[sin K t l ) ^ g y , ; { Sinft.,-!)*' 
ss(fl)= - ^ , ( V i ) [ ^ g % H ) g - $ i " K ' - ' ) f l 
S A ( e ) - -<x a/ (o^fl, + I ) G)S (<* a / + I ) 6 
- isS: ' , : i ig: (•<.,-»*, c<.,-i)»] 
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Therefore a , a~ and r„_ can be written in the following sim-
r y re 
plified matrix form 
°~r 
r — * S I - I 
RS-r Hfi- r 
°i = T S T ^ " ' TA . r*"''' 




Obtain the cartesian stress components a , a and Iv„ on the 
x ' y x? 

















— o< $ J - I — dat~ I 
s/ i-rb 
r f 1 
C ai 
( 3 . 2 3 ) 
L e t 
[*] = [TS] 
RS r*5'" 
TS r^'"1 
ss r > " 
RA rb°^ 
oC. -TA r > 
5A rb°^ 
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<rs<'> M O 
Ss(
3> <Ja(») '«/ 
(3.24) 
Note that the surface tractions can be found easily by combining 
equations (3.7) and (3.24), and then [B] can be obtained from equation 
(3.9). Matrix [D] in equation (3.10) comes from the assumption of linear 
boundary displacements. Then matrix [T] follows from the boundary inte-
gration of equation (3.12). 
(1) Along the boundary between nodes 1 and 2, with 0° < 0 < 45° 
(see Figure 2(a)), the coordinates of any points on the surface are 
x = I 
$ = i t« / i0 
2 . .2 r„ = ( x % » « ) 
Yz 





<?s0) $ « < ' > ' 
r r i 
Qs(*> WK Xai. 
According to equation (3.9) 
[B] = t 
Qs<» 
W> M 5 ) . 
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For edge displacement, assume 
{ / } 




1 y \ 





















From equation (3.12) evaluate matrix [T] along the boundary 
3=JP 
;T] [B] [D] ds 
G8(l) Gs(3) 
G (1) G (3) 
a a 
'1 = 0 
£-





(2) Along the boundary between nodes 2 and 3, with 45° < 0 < 90° 
2 2 1/2 
and x = £«cot (9), y = l9 rfe = (x + y ) " . 
The surface traction is given by 
















According to equation (3.9) 














































From equation (3.12), evaluate matrix [T] along the boundary 
x=0 
G (2) G (3) 
s s 
G (2) G (3) 
a a 




Along the boundary between nodes 3 and 4, with 90° < 0 < 135' 
1/2 
and x = I Cote 4 y = £, rb = (x2 + y2) 














According to equation (3.9) 








For edge displacement, assume 












From equation (3.12), evaluate matrix [T] along the boundary 
r x =-J? 
[T] = 
/x. x = o 
G (2) G (3) 
s s 





(4) Along the boundary between nodes 4 and 5, with 135° <_ 6 <: 60 
and x = -£, y = - J t«/i 6 , rfe = (x + y
Z) /Z. 
The surface traction is given by 




X > = - t 
b 
T 









C s l 
4 
C a l 
^ J 
According to equation (3.9) 


























< 1̂  
5 
y - £ 4 x 
0 Jl-h 5 




+ 1 y-ft 
£-h 
y-£ 
£-h + 1 
_ Zl* 
£-h 
From equation (3.12) evaluate matrix [T] along the boundary 
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f y=-£ tan Go 
f G (1) G (3) 
Tl = -t 
jy=l 













Integration along the boundary from node 1 to node 5, or for 
0 < 0 < 9o i-s always sufficient to provide all elements in the [T] 
matrix. First generate a partial matrix denoted by [T'] with elements 
T'., by assembling the individual matrices as given above at common nodes 
Then for each row of the final [T] matrix associated with a symmetric 
stress state, say the ith row of [T ] associated with the symmetric stres 
coefficient C ., the elements T .. are as follows: 
si sij 
sil 
2T' T = 0 
sxl si2 
T .. = T' . . 
sij si j 
j = 3,4, . . . 10 
T = T 
sill si9 sil2 
= -T 
ilO 
T = T 
sil3 si7 = -T sil4 si8 
T = T 
sil5 si5 






These conditions on [T ] can be used to confirm that [T ]{Cp } = 0, 
as mentioned earlier; that is, symmetric forces do zero work during anti-
symmetric displacements. 
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For the j row of [T ] associated with antisymmetric stress co-
a 
efficient C ., the elements T . are as follows: 
aj ajk 
T ._ = 0 
ajl 
T = 2TT 
a j 2 a j 2 
T = T' 
a j k a j k 
T = -T 
ajll aj9 
T = -T 
ajl3 aj7 
T = -T 
ajl5 aj5 
T = -T 
aj 17 aj 3 
k = 3,4. . . .10 
T = T 
ajl2 ajlO 
T = T 
ajl4 aj 
T = T 
ajl6 aj6 
T = T 
ajl8 aj4 
It can be shown that [T ] {q } = 0, as mentioned earlier, confirming that 
a s 
the antisymmetric forces do zero work during symmetric displacements. 
Next, the matrix [H], obtained from integrating interior strain 
energy over the entire volume of the singular element is evaluated accord-
ing to equation (3.5). 
Define matrix [L] from equation (3.22), according to equation (3.4); 
[L] = 
RS • 




a - 1 ' 
s i i 
r 
"ss • 
a - 1 i s i 
r i 
RA • r 
a .,-1 
al 
TA • r 
a -1 
al 
SA • r 
a --1 
al 
[Ls ' V 
Substitution of the matrices [L] and elasticity matrix [N] into 
equation (3.5) gives the following expression 
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RS • r 
a 1-1 si 
TS • r 
a -1 
si 








J- AJ rs 
— - -- 0 
E E 
^ ^ 0 
E E 
1. 
0 0 G 
a --1 
al 
RA • r 
a q-l 
TA • r a i 
a -1 
SA • r a l 
trdGdr 
Assume the thickness t is constant over the entire singular ele-
ment and perform the integration with respect to r from the origin, r = 0, 
to the boundary r = r, . Thus the volume integrand can be easily reduced 
to line integration along the boundary over the 0 domain for 0 < 9 < 6o, 







RA u — 
a ,+a , L v E 
si al 
TA)RS + 




^T t(R#-t^S)^A + 
a .+ a _ E E J 
al si 






[(f -f TA)RA + 
>=0 
(-| RA + ^ ) T A + (^)SA]d0 
As expected, H and H = 0 due to antisymmetric integrands and a 
sa as 
symmetric domain. 
At this point, both [T] and [H] are expressed as line integrals 
along the boundary of the singular element. Unfortunately, the inte-
grals can not be evaluated in closed form, so a numerical procedure 
must be used. The method selected is the simplest rectangular approxi-
mation in which the 0 domain is divided into segments; the integrands 
are assumed to be constant within each segment and equal to the midpoint 
value (see Figure 2(a)). It is expected that reasonable accuracy will 
be achieved by providing a sufficient number of segments along the 
boundary. 
Check on the Accuracy of the Numerical Integration 
The matrices [T] and [H] are evaluated numerically by dividing the 
boundary between two nodes into a number of segments of equal length. 
Therefore the stiffness matrix generated from the matrices [H] and [T] 
according to equation (3.19) is approximate, and the accuracy depends 
upon the number of segments on the boundary. 
For a 90° notch angle and symmetric stresses, the elements of the 
[T] and [H[ matrices are given in the following table for 5, 15, and 30 
integration intervals between nodes. Since the assumed stress state con-
tains only the symmetric singular term, [H] is a (lxl) matrix; since there 
are 14 displacement degrees of freedom for a 90° notch element, [T] is a 
(1*14) matrix but only 8 elements are recorded due to symmetry conditions 
of the type mentioned earlier. The results show that there is almost no 
difference between 5 and 30 segments; this strongly suggests that the 
simple rectangular integration is sufficiently accurate, and 30 segments 
should provide an excellent result. 
Number of Segments = 5 Numb e r of Segmei i t s = 15 Numb e r of Segments = 30 
[H] = 9 .29657 x 10" 
•7 
[H] = 9 .29803 x 10~ 
• 7 
[H] = 9 .29816 x 10~ 7 
T 




[ T ] 1 : 
0 .76148 0 .76284 0 .76297 
0 . 0 0 . 0 0 . 0 
0 .27039 0 .27016 0 .27014 
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0.76365 0.76273 0.76265 
-0.38953 -0.39035 -0.39043 
1.23324 1.23468 1.23481 
-0.26171 -0.26125 -0.26121 
0.34721 0.34512 0.34493 
Comments on the Determination of Stress Coefficients 
As mentioned previously, the principle of stationary complementary 
strain energy is employed to establish the relationship between the stress 
coefficients and nodal displacements by equations (3.15) and (3.16) which 
can be rewritten as [H ]{C } = [T ]{q} and [H ]{C } = [T ]{q } in which 
ss s s aa a a 
n n 
[H ] and [H ] are nonsingular square matrices whose size are ( ~j x ~2 ) > 
while [T ] and [T ] are rectangular matrices with sizes of (̂  x m) where 
n is the number of stress coefficients and m is the number of displace-
ment degrees of freedom of the singular element. 
It has already been noted that if a rigid body motion {q } is 
R 
applied to the singular element, then 
[Tg] {qR} = {0} and [Tj {qR} = (0); 
and since [H ] and [H ] are nonsingular, it follows that {C } = {0} s s aa s 
and {C } = {0}. That is, rigid body motions lead to zero stresses, 
o. 
as expected. The converse question is—does a zero stress state imply 
rigid body motion? This question can be answered by assuming {c ) = {0} 
s 
and { C } = {0} and determining the conditions under which 
a ° 
[T ] (q) = {0} and [T ] {q} = {0} 
S 3 
As an example, consider a singular element with symmetric boundary 
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displacements and the one singular stress state only. In this case, the 
equation [T ]{q } = {0} according to the numerical matrix [T] as given 
in the preceding section reduces to 
0.38074 q± + 0.27039 q + 0.76365 q - 0.38953 q + 
1.23324 q. - 0.26171 q̂  + 0.34721 q0 = 0. 
D / O 
Obviously, there are six independent nodal displacements which 
satisfy the equation and thereby result in zero stresses. This means 
that even after eliminating three rigid body motions, the element stiff-
ness matrix will still be singular. In this case, six displacements must 
be imposed before the stiffness matrix becomes nonsingular. 
If one considers only the problem of determining stresses in the 
singular element due to imposed boundary displacements, then it is neces-
sary to insure that there are exactly three independent displacements 
which lead to zero stresses. That is, there must be exactly three rigid 
body modes. This means that the rank of [T] must be (m-3) or [T ] must 
have rank (-̂  - 1) and {T } must have rank (— - 2). Therefore, as a nec-
l a z 
essary condition, there must be at least (-y - 1) symmetric stress coef-
ficients and (— - 2) antisymmetric stress coefficients. However, this 
is not a sufficient condition because it is possible to have the number 
of stress coefficients equal to or greater than (m-3) and still have a 
[T] matrix with rank less than (m-3). 
These ideas can be clarified by considering the [T] matrix given 
in Appendix B, equation (B.3), for the special triangular element. First 
from equation (B.3) note that there are six stress coefficients, associ-
ated with six independent stress states, and there are six displacement 
degrees of freedom. There are obviously just three independent rows in 
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the [T] matrix—the rows associated with 3-, > 3,, and 3 r — so that there 
1 2 5 
are exactly three independent stress-free displacements. Clearly, a 
reasonable approximate solution would be possible with 3 , 3?and 0 
only. However, such a solution would not be possible with 0 , 30
 and 3,-
1 2 D 
only, or with 3n , 3n> 30, 3/ 5 and 3/-
 only> since in both cases the 
1 2 J H b 
rank is only two. In fact one might have far more than six 0's and still 
have a [T] matrix with rank less than three. 
Satisfaction of Geometric Boundary Conditions 
The stiffness matrix of a singular element is based on the solu-
tion to an elasticity problem with specified linear boundary displacements 
between nodes. Of course, the use of the principle of stationary comple-
mentary energy provides only an approximate solution to this elasticity 
problem. This means that the interior displacements derived from the 
stress state will not be exactly linear on the boundary, since satisfac-
tion of geometric boundary conditions is the one requirement not satis-
fied exactly by the stress series of equation (2.27). Therefore, a 
measure of accuracy of any solution is provided by considering how well 
the geometric conditions are satisfied. 
The interior displacement functions are first derived for a hair-
line crack problem based on the symmetric singular form of the stress 
series (2.27) for 0Q = 180°, and then the functions are generalized to 
include any number of terms. Thus, the deformed shape of a singular 
cracked element can be defined provided that the stress coefficients are 
given. 
The singular symmetrical stress components taken from equation 
(3.20) for a hairline crack are 
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<rr = 0.25 C, r ~
Q ? ( 5 Cos 4 - - Cos I f ) 
CT0 = 0.75 C, r
a s ( Cosf + T - ^ s - 2 ^ - ) 
2 3 v w > 2 
rr6, = o.25 c, r " ^ f sin -I- + s i n - ^o 
Substituting the stress components in stress-strain relation (2.7) 
through (2.9) gives the strain components 
^ r - E 
_ C, r0-5 -[(5fos| -Cos ̂ )-3^(G>sf ^Cos-^)] 
4-E 
Now find the displacements by strain-displacement relations (2.3) 
through (2.5) together with expressions for e , e and y 
f = dUr 
r s r 
-05 (3.25) 
= -^T-[(5Cosr -&sf)-3/((ros{ti^f )] 
z: - J±L. ± _L a^a 
0 " r r 30 
- o * (3.26) 
= -§jf- [3(fos-f-^.Cps¥-)->(5ft,f-ft,^-)] 
_ J _ a u r 3U f l Ufl 
' r e - r a a ar r 
r r"0-5 A *a ( 3 - 2 7 ) 
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Determine the displacement u from equation (3.25), i.e., 
r °-5 
u.=4>r r - 2E [(5^4-^^-)-3-"(^lt^&s^)] 
t f(9) 
Substitute the displacement u into equation (3.26) and solve for the 
displacement w ; 
u 
G 0.5 
Ufl = -ff(9)d9 +-££_[( s;n 3£ -7Sio_f-) 
0 
+ ju(Sin-§- + Sin^f)] + $(n 
The function g(r) can be identified as u„ at 0 = 0° and from 
symmetry requirements, g(r) E 0. However, in order to indicate a proce-
dure which applies for general displacement field, retain g(r) temporarily 
in what follows. 
Substitute the displacements u and un into equation (3.27) and 
r 0 
obtain the following expression: 
(6 
\'(B) + r§(r) + j(9)dQ -J(r) = 0 
I 
Since r and 6 are independent variables, the necessary conditions 
for the equation to be identically zero are 
f ( 6 ) + / f (6)de = H 
0 
and 
r j V ) - 3 C ) = -H 
The first equation can be written as 
f"(8) + f(8) = 0 
Obviously, the solution of this differential equation is 
f (8) = K Cos6 + A Sin 6 
S u b s t i t u t e i n t o t he i n t e g r o - d i f f e r e n t i a l equa t ion for f (6) and 
conclude t h a t A - H. Then g ( r ) i s given by 
8(f) = Ft + H 
Therefore the displacement function can be expressed as follows: 
+ frcosd + H sine 
Ue = ~ff
 r*\(s',nI£- - 7sin4-) + M(Sin-?£- + s,77-f- ) ] 
+ F r + H cosd - k sine 
where F, H and K are rigid-body displacement parameters which can be 
defined by eliminating the rigid-body displacement. Of course, H and F 
are actually zero due to symmetry requirements. 
The symmetric displacement functions have been derived based on 
the singular term of the stress series. In fact the functions can be 
generalized to include any number of terms. The generalized symmetric 
functions according to Hardy [5] are listed in the following: 




L n 9 U 0 I t T k
r * [~hn Sin o(nS + (6-< jo-
, + n ) S i n p n 9 ] 
- K Sin fi 
n = 
where 
n + 2 dn = 
a - n~2 Pn ~ T~ 
hn = n t 2 ( - ' )
n 
The dimensionless elastic constant a' is given by 
< r ' = * 
As an example, consider the problem of a unit radial displacement 
at node 1, with all other nodes fixed; (see Figures 8 and 9 dashline). 
The symmetric stress coefficients are determined from equation (3.15) for 
both one and nine symmetric stress states; and the interior displacements 
are determined from the displacement functions with the rigid body con-
stant, K, selected so that the displacement at node 1 is correct. The 
implied boundary displacements are shown in Figures 8 and 9. There is 
obvious improvement in approximate solution when going from one to nine 
stress coefficients. The nine constant solution could be made to look 
even better by changing the rigid body constant so as to force a zero 
x-displacement at node 2. 
Stiffness Matrices for Symmetric or Antisymmetric Problems 
The complete stiffness matrix, as given by equation (3.19) can be 
used in all situations, including the most general case of both symmetric 
and antisymmetric stresses occurring simultaneously. However, many prob-
lems possess a structural symmetry with either symmetric loads or anti-
symmetric loads so that the structural response can be guaranteed to be 
either symmetric or antisymmetric respectively. In these cases, it is 
best to take advantage of the situation by considering a reduced domain 
with appropriate symmetry or antisymmetry conditions imposed on the in-
terior boundaries along with the regular boundary conditions on the ex-
terior boundaries. This reduces the size of the domain and permits either 
a reduction in the number of unknowns (for a fixed mesh size) or an in-
crease in the number of finite elements (for a fixed number of unknowns). 
For some problems, this use of symmetry will require just one-half 
of the singular element as shown for example in Figure 7a. The modified 
stiffness matrices for the singular element can be obtained by any one of 
the following methods. 
The first procedure is to impose proper unit displacements (either 
symmetric or antisymmetric) at symmetrically located nodes and determine 
the generalized nodal forces which result. These nodal forces, when 
properly arranged, constitute the columns of the stiffness matrix for 
one-half the singular element experiencing either symmetric or antisym-
metric distortions. 
An alternative procedure is to define transformation matrices [T] 
which serve to impose either symmetric or antisymmetric nodal displace-
ments. That is, 
k,,l - mlu| 
will relate the total vector of generalized displacements, {q . } , to 
t ot a J-
a reduced vector, {q }, consisting of just one-half the total, with 
the remaining displacements given by either symmetry or antisymmetry con-
ditions. This transformation can be applied to the strain energy U , as 
follows: 
u =Jr[^tJiK] [1M.,} 
= ̂ lM T [ t ] T [K ] [ f ] [M (3.28) 
-T\\J[K<A [u l 
where the appropriately transformed stiffness matrix is 
[K«-]= [T]>l[f] 
Now, the strain U in equation (3.28) is the energy in the 
complete singular element. For one-half the element, there is just one-
half the energy, so that the final reduced stiffness matrix suitable for 





Effect of the Stress Approximation 
The singular stiffness matrix is generated first by adopting 
only singular terms in the stress series and secondly by taking a number 
of terms from the series equal to the total displacement degrees of free-
dom of the singular element. In order to study the effect of the stress 
approximation on the stress intensity factors, a number of finite element 
models are constructed for double-edge notched (see Figures 10, 12, and 
14) and single-edge notched (see Figure 16, 18 and 20) finite plates 
with notch angles of 0°, 60° and 90°. One quarter of the finite element 
model of the doubly notched plates and one half of the finite element 
model of single notched plates are shown in Figures 11 through 15 and 
Figures 17 through 21, respectively. Note that the finite element detail 
models 11 and 17, 13 and 19, 15 and 21 are identical. Thus a finite 
element detailed model can be used to represent both double- and single-
edge notched plates by simply imposing the appropriate set of constraint 
conditions along the symmetric boundary (see the difference in constraint 
conditions between Figures 11 and 17, Figures 13 and 19, and Figures 15 
and 21). 
The uniformly distributed loads are converted into a set of work 
equivalent concentrated nodal loads. Since the boundary displacements 
of the conventional triangular elements are assumed to have a linear 
variation between nodes, it follows that the concentrated forces on a 
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node are equal to total uniformly distributed loads acting on half of the 
area between two adjacent nodes. 
The finite element solutions obtained from singular terms and mul-
tiple terms approximations for the double- and single-edge notched plates 
are given in Tables 7 and 8. The tables indicate that the differences 
in stress intensity factors are between 1.7% and 8.2%. It appears that 
the singular term only solutions provide sufficiently accurate results 
for practical purposes except for crack propagation studies, and this 
approximation is used for most of the study which follow. 
As mentioned in Chapter III, "Comments on the Determination of 
Stress Coefficients," if the selected number of stress coefficients 
are less than (m -3), when m is the total number of degrees of freedom 
of a singular element, then there will be more than three zero-stress 
displacements. This means that the singular element stiffness matrix 
generated by the matrices [T] and [H] remains singular even after the 
three rigid body displacement modes are eliminated. However, in the 
finite element solution for a plate problem, the stiffness matrix of the 
singular element is merged into the overall stiffness matrix of a struc-
tural model by the customary direct stiffness method. This means that 
the overall stiffness matrix will usually be nonsingular after elimina-
ting three rigid body displacements since conventional finite elements 
will generate strain energy even though, for certain displacements, the 
singular element might not generate energy. This explains why the one 
or two term stress approximations can be used to give results for K 
and K even though the singular element has more than three zero-stress 
cl 
states. The exception will occur if every node of the singular element 
is not connected to a conventional element. In this case, even after 
eliminating three rigid body modes, the over-all stiffness matrix will 
still be singular, due to the fact that a zero-stress state exists which 
does not strain any conventional elements. This situation can be 
avoided easily by proper modeling, 
Effect of Numerical Integration Accuracy 
The numerical values of [T I and [H of a singular element with 
s ss 
90° notch angle for various number of segments, i.e., 5, 15 and 30, are 
given in Chapter III; and the stiffness matrix can then be generated 
according to equation (3.19). A double-edge 90° notched plate (see 
Figures 14 and 15) is selected for further investigation of the effect 
of the number of segments on the determination of the stress intensity 
factors. The results in Table 9 merely confirm what was shown in 
Chapter III; that is, rectangular numerical integration is sufficiently 
accurate. Thirty intervals between nodes are used in the studies which 
follow. 
Effect of Mesh Refinement 
The accuracy of stress intensity factors obtained depends upon 
mesh sizes. A square plate with 90° notch cutout (see Figure 22) is 
idealized as three distinct finite element models with the ratio of the 
size of singular element and notched plate being 1/2, 1/3, 1/4 (see 
Figures 23, 24, and 25); the size of the conventional right triangular 
elements are also selected to match the size of singular element. Table 
10 indicates that for the example problem, the stress intensity factor 
converged from below with mesh refinement. The worst result appears to 
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be about 25% in error, but this large error may be partially due to the 
concentrated external loading. 
For another example with uniform loading, consider the plate shown 
in Figure 26, idealized as three distinct finite element models with the 
ratio of the size of singular element and notched plate being 1/3, 1/6 
and 1/12 (see Figures 27, 28 and 29). Note that the detail which falls 
outside the region of the dark lines is unchanged, while the conventional 
elements are sized as required by the singular element within the dark 
line. The first run of Table 11 shows rapid convergence from below, 
with a maximum difference of just 3%. 
Effect of Strain Energy Approximation 
in the Neighborhood of the Notch Tip 
For each distinct finite element model, the stress intensity fac-
tors can also be determined from the following idealizations: (1) the 
singular element is completely removed from the model; this is based on 
assumption that strain energy stored in the singular element may be small 
compared to total strain energy (2) the singular element is replaced by 
a number of conventional triangular elements (see dashed lines in Figures 
27, 28 and 29). In this idealization, the stress intensity factors are 
calculated by imposing the nodal displacements obtained from the overall 
model to the singular element. The numerical results obtained from the 
various methods for the three sizes of singular element are given in 
Table 11. 
The third row of Table 11 shows that the stress intensity factors 
calculated by completely neglecting the strain energy in the singular 
element are unacceptably high even for the finest mesh. It would be 
expected that the results would be high since neglecting the energy is 
physically equivalent to eliminating a portion of the plate, which would 
lead to increased nodal displacements and thereby increased stress inten-
sity factors. 
Next, conventional triangular elements are used in the area of the 
singular element in order to provide an approximation for strain energy 
in that region. The results, shown in the next-to-last row of Table 11, 
are smaller than those obtained with the singular element, indicating that 
a collection of conventional triangles is stiffer than a singular element 
of the same size. 
Comparison with Existing Solutions 
The typical cracked plates are analyzed with the singular element 
whose stiffness matrix is based on a 1 term symmetric stress approximation. 
These cracked plates, which have existing solutions, are centrally cracked 
plates and single-edge cracked plate. A typical centrally cracked square 
plate with the crack line perpendicular to the direction of applied loads 
as shown in Figure 30, with crack length/width ratio being 0.4, is ideal-
ized with a coarse model (see Figure 31) and fine model (see Figure 32). 
Also, in order to satisfy the free boundary conditions exactly, the 
special triangular elements are used to replace conventional triangular 
elements along the free edges (see Figure 33). The numerical results of 
the coarse model and fine models with and without the special triangular 
elements are given in Table 12. The existing solution [8] is a finite 
element solution based on the assumed displacement hybrid model and the 
theoretical basis is a modified principle of minimum potential energy. 
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The coarse model, 9 term solution is within approximately 0.5%; and the 
fine model, 1 term solution agrees exactly with the existing solution. 
The introduction of the special triangular element leads to a 3% reduc-
tion in predicted K . 
s 
The second centrally cracked plate has the crack line parallel to 
the direction of applied load (see Figure 34); the finite element model 
of one quarter plate is given in Figure 35. The numerical result for K , 
using a singular element with 1 term symmetric stress approximation, is 
given in Table 13, which indicates that the finite element solution is 
the exact solution. Note that there is no need to utilize the special 
triangular elements along the upper edge of the finite element model, 
since the conventional triangular elements contain the exact solution. 
In order to compare results with an existing solution [8] for a 
square plate with single-edge crack, a finite element model of one half 
the cracked plate is established in such a way that the total number of 
elements is as close as possible to Atluri's model, which contains 24 
elements including 2 singular elements. The numerical results are given 
in Table 13, which shows an excellent agreement with the existing solution. 
Additional comparison can be made between the finite element solutions 
for single-edge cracked plates with different aspect ratios (see Figures 
16 and 36). Table 13 indicates that the finite element solutions have 
the right trend in that the stress intensity factor for a square plate 
is indeed higher than the one for a rectangular plate. 
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Solution of Some Typical Plates with 
Right Angle Re-entry Corners 
The results presented to this point have been directed primarily 
toward evaluating the accuracy of the approximate solution. The remain-
der of this chapter presents results for a number of finite width plates 
with re-entry corners. The intention is to show the types of problems 
which can be solved with the notched singular element. Extremely accu-
rate results are not presented because economics has dictated the use of 
relatively coarse meshes. Since there are no existing solutions which 
can be used to measure accuracy, the best that can be done it to compare 
relative magnitudes of K and K for various geometries of plates and 
s a 
confirm expected trends. 
A 90° singular element is applied to solve a square plate with a 
central square cutout subject to both uniaxial and biaxial tensile stress 
(see Figure 38). A set of appropriate symmetric constraint conditions 
are imposed on a finite element model of the quarter plate (see Figure 39). 
The symmetric and antisymmetric stress intensity factors obtained from 
the finite element solution are given in Table 14. Note that K changes 
a 
sign in going from condition a to condition b; this occurs because the 
shear stress changes sign in the neighborhood of the notch tip. The val-
ues given in Table 14 do satisfy the principle of superposition; that is, 
the values for condition c are the sum of values for conditions a and b. 
In the case of biaxial loading, it is possible to take further 
advantage of symmetry, since the loading and the geometry of the model 
(see Figure 39) are symmetric about the diagonal. Therefore, the size 
of model can be further reduced to 1/8 of the entire plate by imposing 
symmetric constraint conditions along the diagonal. 
The finite element model as given in Figure 39 can also be used 
to represent a single-edge rectangular cutout plate (see Figure 40) by 
simply changing the boundary conditions (see Figure 41). The opening 
and sliding modes of deformation under the uniaxial and biaxial tensile 
stresses are listed in Table 15. Comparison can be made between the re-
sults in Tables 14 and 15. It appears that sliding mode values of K are 
3. 
almost the same while the opening mode values of K are substantially in-
creased in the case of single-edge rectangular cutout plate. The solu-
tions are reasonable since the single-edge rectangular cutout plate is 
more flexible than the square cutout plate as far as the opening defor-
mation of the corner is concerned. As the result, the K should be 
s 
higher for the single-edge rectangular cutout case. 
Next the square cutout is rotated 45° to be a diamond-shape cut-
out in the square plate (see Figure 42), with the finite element repre-
sentation of a quarter plate given in Figure 43. The finite element 
solutions for opening modes, K , occurring at corners under the uniaxial 
and biaxial loads are given in Table 16. Note that the ratio of stress 
intensity factors at points 1 and 2 under the uniaxial stress is -3, and 
the ratio becomes 1 when the biaxial stress is applied. Incidentally, 
the numerical ratio of stress intensity factors of the diamond-shape 
cutout is equal to the ratio of the stresses in corresponding locations 
in a plate with a circular cutout under the two sets of loads. Once 
again the solution for the biaxial tensile stress demonstrates the prin-
ciple of superposition for the problem of linear elasticity. Further 
advantage of symmetry can be taken in the case of biaxial tensile load 
by imposing the symmetric constraint conditions along the diagonal. 
Singular points are frequently found in the members of building 
construction. The 90° singular element is used to determine the stress 
intensity factors at the sharp corners of those members such as single 
stepped plate, footing plate, doubly stepped plate and footing plate 
with free ends. The geometry of the plates and applied loads are shown 
in Figures 44, 46, 48, and 50 and their finite element representations 
are shown in Figures 45, 47, 49 and 51. Note that an identical finite 
element model is used to represent various geometries of the plates by 
simply imposing appropriate symmetrical constraint conditions along the 
symmetrical axis. 
It is of interest to note that in addition to free-free corners, 
a different type of singularity also occurs at fixed-free corners, 1 and 
2, as shown in Figures 44 and 46. The fixed-free corner element was 
developed by Hardy [5] to calculate the stress for a semi-infinite strip. 
However, the two types of singular points are separated far enough in the 
particular problems considered here, so that the interaction between the 
singular points can be ignored. Therefore the singularity at the fixed-
free corner is not considered in the determination of stress intensity 
factors at the free-free corners. 
The results of finite element solutions for the stepped plates 
are given in Table 17 which indicates that the stress intensity values 
for single stepped plate are smaller than those for a footing plate. 
This is an acceptable solution since the single stepped plate has a ten-
dency to deform upward due to the eccentricity of the external applied 
loads. As the result, at the sharp corner, the opening deformation due 
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to axial load is reduced. Table 17 further indicates that the stress 
intensity values are increased from footing plate to doubly stepped 
plate to footing plate with free ends. These results suggest that the 
softer the structures, the more the deformation; and therefore the 
softest plate should have the highest stress intensity factors. 
Effect of Length of the Plate 
The stress intensity factors will be functions of plate length as 
well as the crack length, width of the plate and loading. To investigate 
this length effect, three different geometries of single-edge cracked 
plates with length-width ratios of 1, 2 and 3 are considered, 
The finite element models of the typical cracked plate as shown in 
Figure 53 are given in Figures 54, 55 and 56. Table 18 indicates that 
the stress intensity factors decrease by 8.5% as the length-width ratio 
increases from 1 to 2. The table further indicates almost no change in 
the stress intensity factor as the length-width ratio increases from 2 to 
3. Therefore the solution for a plate with length-width ratio greater 
than 2 can be used as the solution for an infinite strip, 
The data for K versus length-width ratio as given in Table 18 are 
s 
shown in Figure 57. Also the value of K calculated from Tada's empiri-
° s 
cal formula [15] shows 5.26 for the infinite single-edge cracked strip 
with crack length-width ratio being 0.4; this result is 7.5% in error com-
pared to the finite element result for length-width ratio of 3. The 
discrepancy may be due to the fact that Poisson's ratio n used in this 
study is different from the test material (Young's modulus does not affect 
the result), or the empirical formula is constructed based on plane 
strain problem while the plane stress problem is assumed in this study. 
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Effect of the Size of Interior Cutout 
The stress intensity factors depend also upon the flexibility of 
the plate. This effect is investigated by considering the square plate 
with central square cutout and varying the size of the cutout. The width 
•A A 1 1 A 2 
ratios considered are -r, —, and —. 
The finite element models of the typical square plates as shown in 
Figure 5 8 are given in Figures 59, 60 and 61. Table 19 indicates that 
both K and K increase sharply as the material is removed from the square 
S 3. 
plate. 
Table 7. Effect of Stress Approximation on the Stress Intensity Factors, 
* 
K , for Double-Edge Notch Plates 
NOTCHED ANGLES 
(a) (b) (c) 
Various Approximations 9 = 0° 9 = 60° 9 = 90° 
9 term solution for 9=0° and 60' 
7 term solution for 9=90° 
1 term solution 
Difference 
Existing Solution [15] 
3.046 3.087 3.343 
2 .947 3 .139 3 .426 
- 3 . 2 % 1.7% 2.5% 
2 .864 _ _ 
Based on 30 integration intervals (segments) between nodes on the 
singular element. 
(a) 
The cracked plate and the finite element model are given in 
Figures 10 and 11; the existing solution is based on infinite strip. 
The notched plate and the finite element model are given in 
Figures 12 and 13. 
(c) 
The notched plate and the finite element model are given in 
Figures 14 and 15. 
Table 8. Effect of Stress Approximation on the Stress Intensity Factors, 
•k 
K , for Single-Edge Notched Plates 
s 
NOTCHED .ANGLES 
Various Approximations  
9 term solution for 9=0° and 60' 
7 term solution for 8=90° 
1 term solution 
Difference 
Existing Solution [15] 
(a) 










Based on 30 integration intervals (segments) between nodes on the 
singular element. 
(a) 
The cracked plate and the finite element model are given in 
Figures 16 and 17; the existing solution is based on infinite strip. 
The notched plate and the finite element model are given in 
Figures 18 and 19. 
(c) 
The notched plate and the finite element model are given in 
Figures 20 and 21. 
Table 9. Effect of Numerical Integration Accuracy on the Stress 
Intensity Factors, K , for a Double-Edge 90° Notched Plate 
Number of Integration Intervals 
(Segments) between Nodes on the 
Singular Element 
5 15 30 
K 
s 
3.432 3.432 3.426 
* 
The notched plate and the finite element model are given in Figures 
14 and 15; based on singular stress term only (the 1 term stress 
approximat ion) 
Table 10. Effect of Mesh Refinement on the Stress Intensity 
Factor, K , for a Square Plate with Single-Edge 90° Notch 




See Figure 22; based on 1 term stress approximation and 30 segments 
between nodes on the singular element. 
aSee Figure 23. 
See Figure 24. 
See Figure 25. 
Table 11. Effect of Mesh Refinement on the Stress Intensity Factors, K , 
s 
for a Square Plate with Single-edge 90° Notch 
Methods of Solution Model I 
(a) 
Model II 
(b) Model III (c) 
Singular element with conventional 
triangles 7.901 8.141 8.152 
Singular element, conventional 
triangles, and special triangles 
along the notch face 7.904 8.130 8.108 
Neglect energy in singular element; 
conventional triangles 42.573 26.924 21.992 
Replace singular element with 
conventional triangles 6.366 7.059 7.304 
Replace s i n g u l a r element with 
convent iona l and s p e c i a l t r i a n g l e s 6.498 7.191 7.430 





See Figure 27. 
See Figure 28. 
See Figure 29. 
Table 12. Stress Intensity Factors, K , for a Centrally Cracked Plate 
Methods of Solution  
Coarse Model Coarse Model Fine Model Fine Model 
1 Term Solution with 
Special Triangular 
1 Term Solution 9 Term Solution 1 Term Solution Elements 
K 2.942 3.037 3.057 2.913 
s 
E x i s t i n g Solut ion 
3.058 3.058 3.058 3.058 
See Figure 30; based on 30 segments between nodes on the s i ngu l a r element. 
9. 
The cracked plate and the finite element coarse model are given in Figures 30 and 31. 
The cracked plate and the finite element fine model are given in Figures 30 and 32. 
Table 13. Stress Intensity Factors for a Plate with Longitudinal 
•k 
Crack and Plates with Single-Edge Crack 
Geometries  
Rectangular Plate 
Longitudinal Square Plate with with Single-Edge 
Crack Single Edge Crack Crack  
K 0.0 5.27 4.083 
s 
Existing 
Solution 0.0 5.26 [7] 4.018 [15] 
Based on 1 term stress approximation and 30 segments between nodes 
on the singular element. 
The cracked plate and the finite element model are given in 
Figures 34 and 35. 
The cracked plate and the finite element model are given in 
Figures 36 and 37. 
c 
The cracked plate and the finite element model are given in 
Figures 16 and 17. The existing solution is based on infinite strip, 
Table 14. Stress Intensity Factors for a Square Plate 
* 
with a Square Cutout 
Loading Conditions 
(a) (b) (c) 
K at Location 1 1.382 1.382 2.764 
s 
K at Location 1 2.346 -2.346 0 
a 
The cutout plate and the finite element model are shown in 
Figures 38 and 39; based on 2 term stress approximation and 30 
segments between nodes on the singular element. 
(a) 
Loads are applied in x-direction only. 
Loads are applied in y-direction only. 
(c) 
Equal loads are applied in x- and y-directions. 
82 
Table 15. Stress Intensity Factors for a Rectangular Plate with 
a Single-Edge Rectangular Cutout 
Loading Conditions 
(a) (b) 
K 2.917 3.104 
s 
K - Location 1 2.309 0.002 
a 
K - Location 2 -2.309 -0.002 
a 
The cutout plate and the finite element model are shown in 
Figure 40 and 41; based on 14 terms stress approximation and 
30 segments between nodes on the singular element. 
Loads are applied in y-direction only. 
Loads are applid in x- and y-directions. 
Table 16. Stress Intensity Factors, K , for a Square Plate 
with a Central Diamond-Shape Cutout 
Loading Conditions 
(a) (b) (c) 
K at Location 1 +3.847 -1.295 2.553 
s 
K at Location 2 -1.295 +3.847 2.553 
s 
The cutout plate and the finite element model are shown in 
Figures 42 and 43; based on 14 term stress approximation and 
30 segments between nodes on the singular element. 
(a) 
Loads are applied in x-direction only. 
Loads are applied in y-direction only. 
(c) 
Equal loads are applied in x- and y-directions. 
Table 17. Stress-Intensity Factors of Some Typical 
Stepped Plates 
K K 
Geometries s a 
Singly Stepped Plate3 0.929 1.437 
Footing Plate 1.466 1.494 
Doubly Stepped Plate0 1.506 1.568 
Footing Plate with Free Ends 2.245 1.627 
Based on 14 term stress approximation and 30 segments between nodes 
on the singular element. 
The singly stepped plate and the finite element model are shown in 
Figures 44 and 45. 
The footing plate and the finite element model are shown in 
Figures 46 and 47. 
c 
The doubly stepped plate and the finite element model are shown in 
Figures 48 and 49. 
The footing plate with free ends and the finite element model are 
shown in Figures 50 and 51. 
Table 18. Effect of Length on the Stress Intensity Factors, 
K , for a Single-edge Cracked Plate 
Model I ^ Model II ̂  Model I I I ^ 
H • - 1 H — 9 — — *} 
w " w ~ w " 
K 5.325 4.875 4.863 
s 
See Figure 53; based on 9 term stress approximation and 30 
segments between nodes on the singular element. 
(a) 
See Figure 54. 
See Figure 55. 
(c) 
v 'See Figure 56. 
Table 19. Effect of the Size of Interior Cutout on the Stress 




Model x(a) Model II (b) 
(c) 
Model IIIV J 
d _ 1 
W " 3 
d. _ 1 
W " 2 
3.638 
d .. 2 
W 3 
2.342 6.748 
2.988 -3.981 -5.855 
See Figure 58; based on 2 term stress approximation and 30 segments 
between nodes on the singular element. 
fa) 
See Figure 59 
See Figure 60 
(c) 
See Figure 61 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
Conclusions 
The stiffness matrix of a singular element as shown in Figure 2 
has been developed to investigate the effect of notch angle on stress 
intensity factors at sharp corners of finite plates with arbitrary cut-
outs. The singular element is utilized to replace highly detailed con-
ventional finite element models around the sharp corners with resulting 
economies in both data preparation and computer time. A number of two 
dimensional elasticity problems have been solved by addition of the 
stiffness matrix of the singular element to the overall stiffness matrix 
of a structural model by the customary direct stiffness method. The 
accuracy and efficiency of the singular element is demonstrated by 
determining the stress intensity factors of simple crack configurations 
for which there are analytical solutions. 
Several conclusions are reached in this study and discussed in 
the following. 
(1) Stiffness matrices of singular elements have been derived based on 
assumed stresses which contain either singular terms only or singu-
lar plus nonsingular terms in the stress series. Numerical results 
given in Tables 7 and 8 indicate that the differences between solu-
tions for the two approximations are between 1.7% and 8.2%. The 
study is extended to use the singular-term only approximation to 
predict stress intensity factors for some simple cracked plates 
for which there are existing solutions; it is concluded from the 
numerical results shown in Tables 12 and 13 that the singular term 
approximation can provide excellent means to obtain accurate 
solutions. 
In Chapter III, "Check on the Accuracy of the Stiffness Matrix 
Obtained from Numerical Integration," matrices [T] and [H] of a 
singular element with 90° notch angle are evaluated numerically 
with the number of integration intervals between nodes being 5, 
15, and 30. The stress intensity factors of a double-edge 90° 
notched plate with the various integration intervals are also tabu-
lated in Table 9. It is concluded that the simple rectangular inte-
gration with 30 integration intervals is sufficiently accurate. 
The effect of mesh refinement on the solution has been studied. As 
an example, a square 90° notched plate with various sizes of singu-
lar element is used to illustrate the sensitivity of the stress 
intensity value to the selected size of singular element. Table 10 
shows that the larger the singular and conventional elements, the 
lower the stress intensity values. The biggest error is 25%, a 
large error due primarily to the coarse mesh but also possibly 
caused by the type of external loads. Another example with uniform 
loading shows rapid convergence of values for K (see Table 11). 
Nonsingular elements can be used to determine nodal displacement in 
the neighborhood of the notch tip. These displacements can then be 
imposed on the singular element to determine stress intensity factors. 
Table 11 shows that such results are still 10% in error even for the 
finest mesh considered, which indicates that the singular element 
8* 
provides a more accurate estimate of strain energy as well as pro-
viding the proper stress singularity. Table 11 also shows that it 
is unacceptable to completely ignore the strain energy in the region 
of the notch tip. 
(5) Central and edge cracked plates have been analyzed in order to com-
pare with the existing solutions; Tables 12 and 13 show excellent 
agreement. 
(6) The singular element has been utilized to predict stress intensity 
factors at sharp corners of interior square cutouts, diamond-shape 
cutouts and a number of other plates with 90° re-entry corners. 
Although there are no existing solutions that can be used to compare 
with the finite element solutions, the numerical results as given 
in Tables 14 through 17 have been checked for consistency and 
reasonableness through judgment. 
(7) A single-edge cracked square plate has been analyzed by two dif-
ferent finite element models; namely coarse model in Figure 32 
and fine model in Figure 54. The values of computed K for the 
coarse and fine models are 5.27 and 5.325 respectively. Note that 
the difference between two solutions is within 1.0%. It appears 
that the relatively coarse model provides accurate result for 
stress intensity factors. 
(8) The square plate with central square cutout with width ratios 
being 1/3, 1/2 and 2/3 has been analyzed by fine finite element 
models. It appears that stress intensity factors depend upon 
the flexibility of the plate. 
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Recommendat ions 
No attempt is made to assess the effect of changes in accuracy 
with singular element aspect ratio, the imposed boundary displacement 
and the number of element nodal points. The selected square shape of 
the element is arbitrary, and some other shape might provide more accu-
rate results. The imposed linear boundary displacement is chosen to fit 
conveniently with the most common constant strain triangular element. 
If a more refined triangular element is utilized, then the imposed 
boundary displacements on the singular element might be correspondingly 
refined; this should result in improved accuracy. Hence the effects of 
the element shapes and the assumed boundary displacements on the pre-
diction of stress intensity factors might prove to be worthy of further 
study. Furthermore it is expected to extend this study to calculate 
stress intensity factors for orthotropic material [18]. 
Several possibilities exist for such refinement, one of which is 
to define an 11-node singular element for notch angles less than 90° 
(7 nodes would still be sufficient for notch angles greater than or 
equal to 90°). This element would be joined to conventional linear 
strain triangles, so that the imposed boundary displacements on the sing-
ular element would be quadratic. 
One application of the stress intensity factors at notches might 
be in crack initiation at re-entry corners. Even though the actual cor-
ner will not be perfectly sharp, it is possible that the time to crack 
initiation might be related to the ideal stress intensity factors which 
are developed in this dissertation. Further research is needed to 
establish such a relation, if it exists. Of course, after the crack 
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initiates, then it is necessary to introduce the hairline crack singular 







Figure 1. Coordinates in the Neighborhood of the Sharp Corner of 
Arbitrary Notch Angle in Elastic Medium. 
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(a) 0° < notch angle < <7o' 
Notch Angle 
(b ) 9 0 ° < no+ch ft/13'e < 180* 
Figure 2. Typica l Singular Elements, 
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Figure 3 . Graphical Solu t ion of Real Roots for 0° Notch Angle, 
Sin U * Q 
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Figure 4. Graphical Solution of Real Roots for 60° Notch Angle. 
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Figure 6. Effect of Notch Angles on Dominant Roots of Eigenfunctions, 
Figure 7. A Typical Finite Element Model for Arbitrary Cutouts. 
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2-
C = 12.586 x 10" 
Imposed linear displacement 
Calculated boundary displacement 
Upper Half of a Singular Element 
\ 
Figure 8. Comparison of the Specified Linear Displacement and the 
Boundary Displacement Calculated Based on 1 Term Approximation. 
_3. 
C = 1.4087 x 10" 
— Imposed linear displacement 
— Calculated boundary displacement 
Upper Half of a Singular Element 
Figure 9. Comparison of the Specified Linear Displacement and the 
Boundary Displacement Calculated Based on 9 Term Approximation. 
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T* = < 
Figure 10. Double-Edge Notched Plate with 9 = 0 ' 
""3X 
N f V = 0 v > s 
r~ 
0 = 0 





Tjx = ° 
% - ° 
Figure 11. Finite Element Model of One Quarter 
of the Plate in Figure 10. 
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Figure 12. Double-Edge Notched Plate with 0 = 60°. 
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V * V - 0 « ' Y 
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Figure 13. Finite Element Model of One Quarter 
of the Plate in Figure 12. 
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Figure 14. Double-Edge Notched Plate with 0 = 90°. 
Figure 15. Finite Element Model of One Quarter 
of the Plate in Figure 14 
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Figure 17. Finite Element Model of One Half 
of the Plate in Figure 16. 
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Figure 18. Single-Edge Notched Plate with 0 = 60° 
Figure 19. Finite Element Model of One Half 
of the Plate in Figure 18. 
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< * « ! 
Modeled Region 
0"v= I 
Figure 20. Single-Edge Notched Plate with 0 = 90° 
Figure 21. Finite Element Model of One Half 







Figure 22. Square Plate with 90° Notch Cutout 
Figure 23. Finite Element Model I ^ = 0.5) of Upper 
Half Square Plate with 90° Notch Cutout. 





r 2 V t 7 ^ 
\ A 
/2£ 1 Figure 24. Finite Element Model II (=- - —) of Upper 
Half Square Plate with 90° Notch Cutout. 
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Figure 25. Finite Element Model III^ = 0.25) of Upper Half 
w W 
Square Plate with 90° Notch Cutout. 
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Figure 26. Square Plate with 90° Notch Cutout. 
Figure 2 7. Finite Element Model I (H/w/2 = 1/3) of Upper 
Half Square Plate with 90° Notch Cutout. 
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Figure 29. Finite Element Model III U/w/2 = 1/12) of Upper 
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rx = I 
Figure 30. Centrally Cracked Plate with Cracked Line 
Perpendicular to the Direction of Applied Load. 
>-
rz\ I 
/ \ ) * r x A 
Figure 31. Finite Element Coarse Model of One Quarter 
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Figure 32. Finite Element Fine Model of One Quarter 
of the Plate in Figure 30. 
33. Finite Element Fine Model (with Special Triangular 
Elements) of One Quarter of the Plate in Figure 30. 
Figure 34. Centrally Cracked Plate with the Crack Line 
Parallel to the Direction of Applied Load. 
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Figure 35. Finite Element Model of One Quarter 
of the Plate in Figure 34. 
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Figure 37. Finite Element Model of One Half 
of the Plate in Figure 36. 
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Figure 38. Plate with a Central Square Cutout, 
Figure 39. Finite Element Model of One Quarter 
of the Plate in Figure 38. 
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Figure 40. Plate with a Single-Edge Rectangular Cutout. 
Figure 41. Finite Element Model of One Quarter 
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Figure 43. Finite Element Model of One Quarter 
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Figure 44. A Singly Stepped Plate. 
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Figure 46. A Footing Plate. 
Figure 47. A Finite Element Model of One Half 






Figure 48. A Doubly Stepped Plate. 
Figure 49. A Finite Element Model of One Quarter 
of the Doubly Stepped Plate. 
rr- 2 
Figure 50. A Footing Plate with Free Ends. 
Figure 51. A Finite Element Model of One Half 
of the Footing Plate with Free Ends. 
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0* x 
Figure 52. A Special Triangular Element with One 
Edge Free from Stresses. 
V ;.i.i.,.i. .t. ,i. i 1.1 i i 
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Figure 53. Single-Edge Cracked Plate with — = 0.4 
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Figure 54. Finite Element Model of One Half of the 
Plate with — = 1 in Figure 53. 
Figure 55. Finite Element Model of One Half of 
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Figure 56. Finite Element Model of One Half of 
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Figure 57 Effect of Length on the Stress Intensity Factors 
for Single-Edge Notch Plates. 
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Figure 58. Square Plate with a Central Square Cutout, 
Figure 59. Finite Element Model of One Quarter of the 
Plate with — = — in Figure 58. 
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Figure 60. Finite Element Model of One Quarter of the 
Plate with — = -=• in Figure 5 8. 
Figure 61. Finite Element Model of One Quarter of the 
j 9 
Plate with — = — in Figure 58. 
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APPENDIX B 
DERIVATION OF A STIFFNESS MATRIX FOR A SPECIAI 
TRIANGULAR ELEMENT WITH ONE EDGE 
FREE FROM STRESSES 
It is known that the stiffness matrix of a conventional triangular 
element is derived based on the assumption that the displacement func-
tions are two linear polynomials which imply that stresses and strains 
are constant throughout the element. Thus the traction-free boundary 
conditions along the edges of the sharp corner will generally not be 
satisfied if the conventional triangular elements should be placed along 
the free edges. It is the purpose of this section to develop a special 
triangular element (see Figure 52) to replace a conventional triangular 
element along the free edge of a cracked plate as given in Figure 33. 
In order to maintain adjacent element continuity, this special 
element will have linear displacements imposed on two edges. The third 
edge will be traction free. This elasticity problem will be solved 
approximately by again using the principle of stationary complementary 
energy. The stress£>s in the interior are assumed as follows: 
<rx 
. r"3 
I X J 2XJ X* a2 
0 0 0 0 r o 





Note that the number of stress coefficients is selected equal to 
the total displacement degrees of freedom of the special triangular 
element. See Chapter III, "Comments on the Determination of Stress 
Coefficients" for a discussion of this approximation. 
Again the set of assumed stresses satisfies the following 
conditions: 
(1) Equilibrium equations; 
a<r; zU 
+ ax 93 
ao: 3lx 
SL - 0 
l„ <* LXH 
f— + ^ w
3 =• 0 d$ ax 
(2) Traction boundary conditions; 
<?> {/ = 0 
T - 0 
Z*2 = 0 
The horizontal and vertical tractions along the edge between nodes 
1 and 2 can be found through the equilibrium conditions on the surface, 
i.e. , 
Sx = 0; cos* + z^ sino{ 
Sa = CE S;no( + T x „ Cos°< 
where the thickness of element is assumed to be unit. 
Obtain the boundary stresses in term of the stress coefficients. 
131 
Therefore 
S = (cos a) B-, + (x cos a - y sin a) 39 + (y cos a)3o
 + 
X L Z. J 
2 2 2 
(2xy cos a - y sin a) 3, + (x cos a - 2xy sin a) Be +(y cos a) 
2 2 
S = - (y cos a) 3? - (y cos a)B, + (y sin a - 2 x y cos a) 6,. 
The displacements along the edge between nodes 1 and 2 are 











0 + f 
V f = [D]{q} 
Evaluate [T] matrix along the edge between nodes 1 and 2 ac-
cording to equation (3.12); 
3=b 
I [T] = [BTtDjds = 
1*0 
cos a 
x cos a - y sin a 
y cos a 
2 . 
2xy cos a - y sin a 
2 _ 
x cos a - 2xy sin a 
2 
y cos a 
0 
-y cos a 
0 
2 
-y cos a 












Note that the equation along this edge is h T" = 1; therefore 
a b 
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ds = •— dy 
b 
Then perform the integration for equation (B.2) and obtain the fine1 







ab b 2 -ab - b 2 







ab2 - b 3 -ab2 - b 3 
12 12 12 4 
a2b -ab2 -a2b ab2 
12 12 12 12 
b ! 0 b
3. 0 
12 
The horizontal and vertical tractions along the edge between nodes 2 















Similarly, evaluate matrix [T] along the edge between nodes 2 and 
3. According to equation (3.12); 
[T] = [B]X[D]ds = 
0 bj 
b2 - I - 0 





- ̂ r 0 
Now that the individual matrix [T] is evaluated along the two edges, 
the overall matrix [T] is generated by assembling the individual matrices 





0 0 0 
ab b 2 ab 
6 6 6 0 
b2 
6 








a2b ab2 a2b ab2 
12 12 12 12 
b3 





Next, matrix [H] obtained from integrating strain energy over 
the volume of the singular element will be evaluated according to 
equation (3.13). 







Substitution of the matrices [L] and elasticity matrix [N] into 
equation (3.5) gives the following expression 
[H] = [L ] T [N] [L]dV 
' v 
1 0 0 
x 0 - y 
\ 
y o 0 
I 2xy 0 2 - y 
• 
2 2 
X y - 2 x y 
y2 o 0 
x y 2xy x2 y2 
-y -y -2xy 0 
dV 
Perform the integration over the area to get the expression for 
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Now that the matrices [T] and [H] are generated and expressed in 
equations (B.3) and (B.5) respectively, the stiffness matrix [K] of the 
triangular element can be formulated according to the equation (3.19). 
Note that the numerical integration has not been necessary to determine 
the matrices [T], [H], or [K]. A numerical stiffness matrix [K] for the 
special case a = b, which is the shape used in this thesis, is presented 
in the following: 
53.0727 0.1453 0.1453 4.8960 -53.2180 - 5.0413 
0.1453 13.5494 13.5494 0.4534 -13.6947 -14.0028 
0.1453 13.5494 13.5494 0.4534 -13.6947 -14.0028 
4.8960 0.4534 0.4534 15.2793 -5.3494 -15.7327 
-53.2180 -13.6947 -13.6947 -5.3494 66.9127 19.0441 
-5.0413 -14.0028 -14.0028 -15.7327 19.0441 29.7355 
based on E = 10.3 >< 10 psi and u = 0.32. 
[K] =10 t 
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APPENDIX C 
ALTERNATIVE FORMULATION OF THE COMPLEMENTARY STRAIN ENERGY 
The complementary energy functional, IT , as given in equation 
(3.1) has been used to formulate the stiffness matrix; the complementary 
strain energy, U can be rewritten in tensor form as follows: 
Ur = -&• C i j U r i J T * l ^ 
' V 
The strains are defined in terms of stresses by using stress-
strain relations €. = C •., T-• • Then the complementary strain 
energy expression can be written as 
Uc = -t\£A,h, *V 
V 
If the strains satisfy compatibility, then there exist displace-
ments u, which can be related to the strain by using strain-displacement 
equation, £. = -4(u» * + \X9 t) • Now the complementary strain energy 
equation becomes 
U e " i JiC'U.i + \A)UtiV 
and since the stress tensor is symmetric, 
u *" i j Vi,L<*v 
By divergence theorem; 
fn^Uj dS = [ c ^ u , ) , . ^ 
i . e . , 
Jry V d v = U T ^ V S -I r.. . u d U J , L J 
v 
Therefore, U can be expressed in the following form: 
c 
Uc=|f^tijUjd5 - i j^Ujdv 
Note that the second integral above can be dropped out since the 
stress expressions (2.37) satisfy the equilibrium conditions. It is 
also noted that TL- IT is the surface traction ; therefore U can be 
I 6 
reduced to the following simple form. 
uc= i f si0ias 
It is important to note that this boundary formulation of U is 
valid only when the stress state satisfies the compatibility equation 
as well as the equilibrium equations and traction boundary conditions. 
Rewrite U in matrix form and denote U as UU (in terms of dis-c c c 
placements) in order to distinguish from U (in terms of stresses) in 
equation (3.2) 
"e = f (S) W " 
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Now TF as given in equation (3. 1) becomes 
c 
nc = uc" + vc 
Tr t=-rf{sj
T fu}ds - [{s]T[u'Hs 
Incidentally TT becomes identical with hybrid functional, TT , y c m 
as given in equation 16 in reference [16]. Note that U can be evaluated 
along the boundary provided that the interior displacements along the 
boundary are known. Of course the displacements have to be found manually 
from assumed stresses by stress-strain law and strain-displacement 
relations. However, evaluation of U in (3.2) involves no hand calcula-
tion of interior displacements; and the area integration can be very 
easily reduced to line integration (see evaluation of [H] in Chapter III). 
Therefore, in the formulation of the stiffness matrix, the advantages in 
using U rather than U are as follows: c c 
(1) Both functionals involve only line integration numerically. 
(2) The computer can be used to calculate U as easily as U . 
(3) There is no need to calculate interior displacement manually in 
order to obtain U 
c. 
Furthermore the comparison of accuracy of numerical integration can 
be made between U (in terms of stresses) and U U (in terms of displace-
c c 
ments). The simplest rectangular approximation is used for the calculation 
°f U^ and U based on 1 symmetrical singular term for hairline cracked 
singular element. The numerical results for various number of segments 
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Difference = — 1 
c 
9.81 x 10 
-4 
3.11 x 10 
-4 
1.43 x 10 
-It 
1.13 x 10 
-4 
Note that the differences between U and U are reducing as the 
c c 
number of segments is increased. The error vs number of segments due to 
numerical integration is shown in Figure 62. It appears that in order 
to obtain accurate results, fewer segments are required for U than U 
and only very few number of segments are necessary to obtain accurate 
results for both U and U . However, it is easier to prepare computer 
c c 
program to evaluate U than U . As a result, it requires less computer 
time for U than U . 
c c 
As mentioned earlier, there are only a finite number of real eigen-
values with the exception of notch angles of 0° and 180°. If the complex 
eigenvalues should be used to formulate the stiffness matrix, then the 
procedure becomes very complicated. Fortunately the real and imaginary 
parts of stress expressions for any complex eigenvalue can be easily 
obtained by the computer. These two parts of the stress expressions are 
the two independent solutions for the stresses associated with the one 
complex eigenvalue. In order to evaluate U for an arbitrary notch angle, 
the interior displacements must be known. Of course the displacements can 
be found from the general expressions for stresses (3.2) through the 
stress-strain law and strain-displacements relations. Thus the dis-
placement functions contain the eigenvalues a which can be either real 
or complex numbers. It seems that the real and imaginary parts of 
displacements for any complex eigenvalue still can be easily obtained 
by computer which performs the complex arithmetic in two locations for 
real and imaginary parts. These two parts of the displacement expres-
sion are the two independent solutions associated with one complex 
eigenvalue. Thus U is still possible to be evaluated by computer 
without explicitly separating the complex stress function into real 






























Number of Segments 
25 30 
Figure 62. Comparison of Errors of U and U due to Numerical Integration 
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